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Abstract 

In a previous paper we described a natural closed subset OJl" j. (X, A; J) of the moduli space 
A; J) of stable genus-one J-holomorphic maps into a symplectic manifold X. In this 
paper we generalize the definition of the main component to moduli spaces of perturbed, in 
a restricted way, J-holomorphic maps. This generalization implies that 971]^ j, (X, A; J) , just 
like 97ti^fc(X, A; J), carries a virtual fundamental class and can be used to define symplectic 
invariants. These truly genus-one invariants constitute part of the standard genus-one Gromov- 
Witten invariants, which arise from the entire moduli space SHi^fc(X, A; J). The new invariants 
appear to be better behaved with respect to embeddings and can be used to compute the 
genus-one GW-invariants of complete intersections, as shown in a separate paper. 
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1 Introduction 



1.1 Background and Motivation 

Let {X,io, J) be a compact almost Kahler manifold. In other words, {X,oj) is a symplectic manifold 
and J is an almost complex structure on X tamed by i.e. 

uj{v, Jv) > V?; G - X. 

If g, k are nonnegative integers and A G H2{X; Z), we denote by A; J) the moduli space of 

(equivalence classes of) stable J-holomorphic maps from genus-f? Riemann surfaces with k marked 
points in the homology class A. Let fc("^' subspace of ^)Jlg^k{X, A; J) consisting of 

the stable maps [C, u] such that the domain C is a smooth Riemann surface. The compact moduli 
space Tlg^k{X, A; J) was constructed in order to "compactify" ^; J) and to define invari- 

ants of {X,uj) enumerating J-holomorphic curves of genus g in X. If g = 0, {X,uj;A) is positive 
in a certain sense, and J is generic, then Tl^i^{X,A] J) is a dense open subset of Tlg^k{X, A; J) 
and the corresponding Gromov-Witten invariants do indeed count genus-zero J-holomorphic curves 
in X; see Chapter 7 in Mc^^ and Sections 1 and 9 in RT , for example. However, ii g>l, it 
is usually the case that dJiP^ /^{X , A; J) is not dense in ^)Jlg^k{X, A; J) and the genus-(7 GW-counts 
include J-holomorphic curves of lower genera. 

If g = l and {X,Lo; A) is positive, the above deficiencies are due exclusively to the presence of large 
subspaces of stable maps [C, u] in Tli^kiX, A; J) such that u is constant on the principal components 
of C, i.e. the irreducible components that carry the genus of C. More precisely, if m is a positive 
integer, let DJV^f^{X, A; J) be the subset of Tli^kiX, A; J) consisting of the stable maps [C,u] such 
that C is a smooth genus-one curve Cp with m rational components attached directly to Cp, u\cp 
is constant, and the restriction of u to each rational component is non-constant. Figure ^ shows 
the domain of an element of DJlf j^{X , A; J) , from the points of view of symplectic topology and 
of algebraic geometry. In the first diagram, each shaded disc represents a sphere; the homology 
class next to each rational component Cj indicates the degree of u|ci- In the second diagram, the 
components of C are represented by curves, and the pair of indices next to each component Cj shows 
the genus of Cj and the degree of u\c^. We denote by dyti j^{X, A; J) the closure of Tl'^f.{X, A; J) in 
A; J). The image u{C) of an element oiTl^j^{X, A; J) is a genus-zero, instead of genus-one, 
J-holomorphic curve in X. We note that if J is sufficiently regular, then 

dimmlk{X,A;J) = 2{{ci{TX), A) + k) =dimi,fc(X,^) and 
dim9Jl'|^fc(X,A; J) = dimi,fc(X, A) + 2(n-m), 

where 2n is the real dimension of X. Thus, the complement of dJl^ f^{X , A; J) in dJli i^{X, A; J) 
contains subspaces of dimension at least as large as the dimension of DJl^ j^{X , A; J) , as long as 
n> 1, i.e. X is not a finite collection of points. 

In Definition ?? of |Z4j . we describe a subset wtl ki-^^ ^! J) of '^i,k{X, A; J), for an arbitrary com- 
pact almost Kahler manifold {X, lo, J), obtained from DJti^kiX, A; J) by discarding most elements of 
the spaces Tti^ki^,A;J) with m<n. In particular, Tli^i,{X, A; J) contains Tl%{X , A; J) . By The- 
orem ?? in |Z4j . ^ffl^ fc(-^i A; J) is a closed subset of dJli^k{X, A; J) and thus is compact. If {X, lu; A) 
is positive in the same sense as in the genus-zero case and J is generic, OJt'j' i^{X, A; J) is a dense open 
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Figure 1: The Domain of an Element of 971^ ki-^^ 



subset of A; J). In addition, 9Jtxjj(X, A] J) carries a rational fundamental class, which can 

be used to define a symplectic invariant of {X,uj) counting genus-one J-holomorphic curves in X, 
without any genus-zero contribution in contrast to the standard Gromov-Witten invariants; see 
Subsection ?? in Z4 . Unlike the genus-zero case, dJli j^{X,A; J) has the topological structure of a 
singular, instead of smooth, orbivariety. 



A J-holomorphic map into X is a smooth map u from a Riemann surface that satisfies the 

Cauchy-Riemann equation corresponding to {J,j)- 

Bjju = - [du + J o duo j) =0. 

The Riemann surface may have simple nodes. In this paper we generalize the results of |Z4| 

to smooth maps u, from genus-one Riemann surfaces, that satisfy a family of perturbed Cauchy- 
Riemann equations: 

Bjju + u{u) = 0. 
The perturbation term i^{u) is a section of the vector bundle 

A°;jT*S(g)n*rX = {r7GHomK(rS,u*rX): J o r] = -r] o j} — . S. 

We will study the moduli space 9Jli^fc(X, A; J, i/) of ( J, i^)-holomorphic maps, i.e. of solutions to 
the perturbed Cauchy-Riemann equations, for a continuous family = chosen from a proper 
linear subspace of the space of all such families; see Definition 11.21 A key condition on i' will be 
that if the degree of u restricted to the principal components of S is zero, then the restriction of 
iy{u) to the principal components and all nearby degree-zero bubble components is also zero. Such 
a family v = v[u) will be called effectively supported. 

We will show that if v is sufficiently small and effectively supported, then the moduli space 
"iXfli^kiX, A] J,u) contains a natural closed subspace f^{X, A; J,v) containing 'iXfl\ ^.{X^ A; J^v)^ 
i.e. the subspace of maps with smooth domains; see Definition II .31 and Theorem 11.41 For a generic 
choice of v, the "boundary" of 9Jlx,fc(^' A; J, u) is of real codimension two and thus '^i y.{X, A; J, v) 
determines a rational homology class. This virtual fundamental class (VFC) for QJl^* k{X, A; J) 
does not change under small changes in v and is an invariant of (X, w). It can be used to define 
new GW-style invariants, which we denote by GWj^. These invariants differ from the standard 
GW-invariants by a combination of the genus-zero GW-invariants of X] see Subsection 11.21 below 
for some special cases. 
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We note that effectively supported families v = ^{u) are in no sense generic in the space of all 
families. If fact, for a generic i^, SJl^ ^{X^ A; J, v) is dense in 9Jti ^(X, A] J, z^), and the latter space 
determines the standard GW-invariants of {X,lo). In particular, the statements of the previous 
paragraph do not hold for a generic family v of perturbations. 

Since the symplectic invariants arising from the moduli space ^; J, i^), with v effectively 

supported, are closely related to the standard GW-invariants, they do not in principle carry any 
new information. On the other hand, they appear to be better behaved in terms of relations be- 
tween invariants of complete intersections and of their ambient spaces and can be used to express 
the standard genus-one GW-invariants of a complete intersection in terms of the genus-zero and 
one GW-invariants of the ambient space; see |LZj . For some complete intersections (X, such 
relations can be obtained by working with J-holomorphic maps, for a generic almost complex 
structure J. For others, including the Calabi-Yau complete intersections, it is simpler to work with 
(J, i/)-holomorphic maps. This is the primary motivation behind this paper at the present time. 

In Subsection 11.31 we describe a geometric reinterpretation of the VFC constructions in |FuUj 
and jLTj which is well suited for defining a VFC for ^-^^{X^A^J). We state the main results 
of this paper in Subsection 11.41 In Subsections 12.11 and 12.21 we generalize the setup of |Z4j for 
J-holomorphic maps to (J, i/)-holomorphic maps. In Subsection 12.31 we state three propositions 
that together are equivalent to Theorem 11.41 They are proved in Subsections 12.41 and 12.51 by 
extending some of the analytic arguments of Sections ?? and ?? in [Z4j to the present situation. 
The difference between the standard and reduced GW-invariants is analyzed in Section see also 
the next subsection. 



1.2 Standard vs. Reduced Gromov-Witten Invariants 

From the construction of VFC for ^t'j' ^(X, A; J) in Subsection 11.41 it is immediate that the dif- 
ference between the standard and reduced genus-one GW-invariants of X must be a combination 
of the genus- zero GW-invariants of X. The exact form of this combination can be determined 
in each specific case from Proposition 13.11 In this subsection, we give an explicit expression for 
the difference between the standard and reduced genus-one GW-invariants in the two simplest cases. 

For each / = 1, . . . , /c, let 

ev;: 9Jtg,fe(X, A; J) — > X, [S, yi, . . . , y^; u] — ^u{yi), 

the evaluation map at the /th marked point. We will call a cohomology class ip on ^g ]f_{X, A; J) 
geometric if i/j is a product of the classes ev^*//; for /i; G H*{X;Z). We denote by Z"*" the set of 
nonnegative integers. 

Theorem 1.1 Suppose {X,uj) is a compact symplectic manifold, A £ H2{X;Z)* , k £ Z+. If J 
is an uj- compatible almost complex structure on X and tp is a geometric cohomology class on 
A; J), then 



X I A. i\ /^Ts^O;X. . ,N _ Jo, i/dimiRX = 4; 



GW^,(^;V)-GW^;aA;V) 




GW^,(A;V), ifd\m^X = Q. 
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Theorem 11.11 is proved in Section by studying the obstruction theory along each stratum of the 
moduli space 9Jli^fc(X, A; J, u), after capping it with ip. This proof generalizes to higher-dimensional 
manifolds X and more general cohomology classes. In fact, for geometric cohomology classes and 
higher-dimensional manifolds X, the difference will be given by an expression similar to the cor- 
rection term in Theorem 1.1 in |Z3j . as can be seen from Proposition 111 II below and Subsection 3.2 
in IZ3l. 



Theorem 1 1 . 1 1 has a natural, but rather speculative, generalization to higher-genus invariants. Sup- 
pose that the main component 

Wfg^k{X,A;J)cmg4X,A; J) 

is well-defined, as is the main component 

Tfg^i,{X,A;J,u)cmg4X,A;J,u) 

for a sufficiently large subspace of perturbations of the 9j-operator so that d}lg k{X,A; J,u) has 
a regular structure for a generic v in this subspace; see Subsection 11.41 for the g = 1 case. If so, 
^)ytg i^{X,A; J) carries a virtual fundamental class and determines reduced genus-5 GW-invariants 
GW^g^ {A; . Theorem 11.11 and its proof should then generalize to higher-genus invariants. If 
dimKX = 6, the expected relationship is 

9-1 

GW^,(A;V)-GW;j(A;V) = ^C/((ci(ry),A))GWy,,(^;V'). 

g'=o 

The coefficients Cg {{ci(TY), A)) are given by Hodge integrals, i.e. integrals of natural cohomology 
classes on the moduli spaces A^*,* of curves. They are of the form expected from the usual 
obstruction bundle approach. For example, 

Cj((5-o)<i) = yJ^, 

Cl{(5-a)d) = i^^l^pSf + (c(E-r^TYHL,,,»T¥')-\ [M2,,]x[F% 

where L2^i — ^ A^2,i is the universal tangent line bundle, E — > A^2,i is the rank-two Hodge bundle, 
and is viewed as a smooth degree-d curve in Y. The coefficients C| {{ci{TY), A)) can be 
expressed in terms of the numbers Cgi{g—g',X,A) of ^ and vice versa. 

1.3 Configuration Spaces 

In this subsection we recall certain configuration spaces that are standard in the theory of Gromov- 
Witten invariants. We then define what we mean by effectively supported perturbations of the 
9j-operator that are central to this paper. 

Suppose X is a compact manifold, A G H2{X]X), and g,k & Z"*". We denote by Xg^k{X,A) the 
space of equivalence classes of stable smooth maps u : S — ^ X from genus-;? Riemann surfaces with 
k marked points, which may have simple nodes, to X of degree A, i.e. 

n^S] =A€ H2{X-Z). 
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Let X^f^{X,A) be the subset of Xg^k{X,A) consisting of the stable maps with smooth domains. 
The spaces Xg^kiX,A) are topologized using L^-convergence on compact subsets of smooth points 
of the domain and certain convergence requirements near the nodes; see Section 3 in |LTj . Here and 
throughout the rest of the paper, p denotes a real number greater than two. The spaces A) 
can be stratified by the smooth infinite-dimensional orbifolds X'r(X) of stable maps from domains 
of the same geometric type and with the same degree distribution between the components of the 
domain; see Subsections 12. II and 12.21 The closure of the main stratum, A), is Xg^ki^, A). 

If J is an almost complex structure on X, let 

Tl'liX,A- J)-^Xg,kiX,A) 

be the bundle of {TX, J)-valued (0, l)-forms. In other words, the fiber of r^'j[,(X, A; J) over a point 
[6] = [S,j;n] in yl) is the space 

r°;^(x,A; = rO'i(6; j)/Aut(6), where rO'i(6; J) = r(S; A°;]r*s®u*rx) . 

Here j is the complex structure on S, the domain of the smooth map u. The bundle A2 .T*J:®u*TX 
over S consists of (J, j)-antilinear homomorphisms: 

AjjT*S(8)n*rX = {7/GHom(rS,ii*rX): Jor] = -r]oj]. 

The total space of the bundle r^'^(A', ^4; J) — A) is topologized using L^'-convergence on 
compact subsets of smooth points of the domain and certain convergence requirements near the 
nodes. The restriction of r^'^{X,A; J) to each stratum Xt-{X) is a smooth vector orbibundle of 
infinite rank. 

We define a continuous section of the bundle r°'^(X, A; J) — >Xg,k{^i A) by 

dj{[T,,j;u]) = Bjju = ^[du + Joduoj). 

By definition, the zero set of this section is the moduli space 9Jlg^fc(X, yl; J) of equivalence classes 
of stable J-holomorphic degree-^ maps from genus-g curves with k marked points into X. The 
restriction of Bj to each stratum of A) is smooth. The section Bj of r^'^(X, ^4; J) is 

Fredholm, i.e. the linearization of its restriction to every stratum Xt{X) has finite-dimensional 
kernel and cokernel at every point of Bj^{0)r\X'r{X). The index of the linearization of Bj at an 
element of 971^ ki-^^ expected dimension dim^ /^(X, A) of the moduli space dJlg^ki^, <^)- 

This is the dimension of the cycle 

mg,k{X,A;J,u) = {Bj + i^}-\0) 

for a small generic multivalued perturbation 

u G ^l'l{X,A;J)^r{Xg,k{X,A),Tl'l{X,A; J)) 

of Bj, where A; J) is the space of all continuous multisections u of r^'^(X, A; J) such that 

the restriction of to each stratum Xq-iX) is smooth. We use the term multisection, or multi- 
valued section, of a vector orbi-bundle as defined in Section 3 of |I^ uUj . Since the moduli space 



6 



dJlg^ki^, J) is compact, so is Tlg^kiX, A; J, u) if u is sufficiently small. 

For a generic choice of i', 9Jtg^fc(X, j4; J, zv) admits a stratification by orbifolds of even dimensions; 
see the ffist remark below. The main stratum is 

mlkix, A; J, u) = mg,k{X, A- J, v) n X\^{X, A). 

Since A) is locally a Banach space, there exist arbitrary small neighborhoods U of 

A- J, v) - 9?l° A; J, v) 

in j4) such that 

HiiU; Q) = {0} V / > dimg,fc(X, ^) - 1. 

Since 9Jlg^fc(X, ^; J, v)—\J is compact, via the pseudocycle construction of Chapter 7 in |McSaj and 
Section 1 of RT , A; J,^) determines a homology class 

~^dim,.,(X,A)(W^;Q), 

for any small neighborhood W of 9Jlg^fc(X, yl; J, z^) in Xg^fc(X, ^). The isomorphism between the 
two homology groups is induced by inclusion. Since u can be chosen to be arbitrarily small, this 
procedure defines a rational homology class in an arbitrary small neighborhood of 3Jtg_fc(X, j4; J) 
in Xg^ki^T A). This topological reinterpretation of the VFC constructions done in |FuOj and |LTj 

turns out to be very suitable for constructing a VFC for the moduli space ^t'j' ^{X, A; J). 

Remark 1: The strata of 9Jt^ ^(X, j4; J, zv) locally are unions of finitely many smooth suborbifolds 
of a smooth orbifold. The branches of the strata correspond to the branches of v. We will call such 
objects orbifolds, nevertheless, as these generalized orbifolds are just as suitable for the topological 
purposes of |FuOj . |LTj . and this paper; see Sections 3 and 4 in |FuOj for details. 

Remark 2: The above construction defines a homology class 

,,(x,A)(^^;Q) 

for every neighborhood W of dRg^ki^-, A; J) in Xg^k{X, A). Furthermore, if 

iw',w '■ W — > W' 

is the inclusion map of a neighborhood W into a larger neighborhood W' , then 

Thus, the above construction defines VFC for '>!fRg jt{X, A; J) as an element of the inverse limit of 
the homology groups Ht.iW;'^) under inclusion, taken over all neighborhoods of ^g^k{X, A; J) in 
j4). Alternatively, '^g^k[X, A; J) is a deformation retract of a neighborhood W. Thus, one 
can also define the virtual fundamental class for dJlg^kiX, A; J) as a homology class in such a neigh- 
borhood W. However, these formalities are not essential for defining GW-invariants as intersection 
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numbers of Tlg^k{X, A; J, u) with certain natural classes on Xg^k{X, A). 

For a small generic perturbation v of Bj, the closure of OJt° f^{X, A; J, v) is the entire moduli space 
9Jtg^fc(X, ^; J, i^). In particular, the results of |Z4j . that are summarized in Subsection ll.il cannot 
possibly generalize to ^(X, ^; J, z^), even with g = 1, for a generic u. Instead, for g = 1, we 
consider non-generic perturbations v oi dj, which we now describe. 

An element of ^4) is an equivalence class of pairs consisting of a prestable genus-one 

Riemann surface S and a smooth map u : S — > X. The prestable surface S is a union of the 
principal component(s) Sp, which is either a smooth torus or a circle of spheres, and trees of 
rational bubble components, which together will be denoted by S^. Let 



Suppose 

(1.1) 

i.e. the degree of u|sp is zero. Let ')^{Ti]u) be the set of components Sj of S such that for every 
bubble component E/^ that lies between Ej and Ep, including Ej itself, the degree of uls^ is zero. 
The set u) includes the principal component(s) of E. We give an example of the set u) 

in Figure 121 In this figure, as in Figure ^ we show the domain E of the stable map (E;ti) and 
shade the components of the domain on which the degree of the map u is not zero. Let 

jGX°(S;n) 

Definition 1.2 Suppose (X, tj) is a compact symplectic manifold, J_= {Jt)te[o,i] ^-^ ^ continuous 
family of oj -tamed almost structures on X, As H2{X;'L), and k € A continuous family of 
multisections u_={vt)te[Q,i]j with vt ^ ^^i\{X ^ A; Jt) for a//tG[0, 1], is effectively supported if 
for every element 

there exists a neighborhood W;, of E^ in a semi-universal family of deformations for b such that 
z.t(E';n')|s'nw, =0 ^ [E'; ^x'] G Xi,fc(X, A), t G [0, 1]. 



We use the C -topology on the space of all almost complex structures on X, in this definition and 
throughout the rest of the paper. The bundles r{l{X,A;Jt) are contained in the bundle T\ f.{X, A) 
over A) with the fibers 

r^,(X, A)|j„ = T\b)/Avit{b), where T\b) = r(E; r*EOMU*TX) , 
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and with the topology constructed as for T ^ j^{X , A; J) . Finally, let b= [S;u] be an element of 
Xi^k{X,A). A semi-universal universal family of deformations for 6 is a fibration 

CTf,: Kb — > Ab 

such that A;,/Aut(6) is a neighborhood of b in ^4) and the fiber of at over a point [S'; u'] is S'. 

If u is effectively supported and [T,;u] is as in then the restriction of vt to a neighborhood 

of T,^ in S is zero for all t. Furthermore, if {[2^;^^]} is a sequence converging to in 
A), then for all /c sufficiently large and a choice of representatives (E^; Ufc) there is an open 
subset Wk of Efc such that Uk)\wk =0 ^-iid the open sets Wk converge to W; see the beginning 

of Section 3 in |LTj for a detailed setting. 

For example, if [S;n] is as indicated in Figure El and is effectively supported, then f((S;n) van- 
ishes on a neighborhood of SpUE/ig in E. On the other hand, even if E/ij had not been shaded, 
i.e. the degree of u\^f^^ were zero, there still would have been no condition on t'j(E;ti)|s^2 because 
the degree of u\y;^_^ is not zero. 

If J= {Jt)te[o,i] is a continuous family of w-tamed almost structures on X, we denote the space of 
effectively supported families u as in Definition 11.21 bv ©^'^^(X, A; J). Similarly, if J is an almost 

complex structure on X, we denote by &ff^{X,A; J) the subspace of elements u of &^'1.{X,A; J) 
such that the family vt = v is effectively supported. 

Remark: Since is a multisection of T^^^^{X,A; J), which is a union of orbi- vector spaces 

r°;^(X,A;J)|j,,=rO'i(6;J)/Aut(6), 

z/ is a family of equivalence classes of elements of r^'^(X, A; J) and can be locally represented by 
a family of elements of r'^'^(-; J). In order to simplify notation, we will use the same symbol for 
both, as the exact meaning will be determined by the context. 

1.4 Main Results 

In this subsection we state the main results of this paper. We begin by describing the subspace 
Til A; J, u) of Tli^ki.X, A; J, v). We then state the main compactness result, i.e. Theorem 11.41 
One of its consequences is that for a small generic choice of v the moduli space j4; J, z^) 

determines a virtual fundamental class for ^(X, A; J), which is independent of J; see Theo- 
rem EHl and Corollarv 11.61 

Suppose [E; u] is an element of A). Every bubble component Ej C E^ is a sphere and has 

a distinguished singular point, which will be called the attaching node ofT,i. This is the node of 
Ej that lies either on Ep or on a bubble T,h that lies between Ej and Ep. For example, if E is as 
shown in Figure El the attaching node of E/jg is the node E/^g shares with the torus. If [T,;u] is as 
in (|1.H) . we denote by x(^) ^) the set of bubble components Ej such that the attaching node of Ej 
lies on E^ and the degree of is not zero, i.e. Ej is not an element of x^{'^]''J')'i see Figured 
These components are called first-level {T,;u)- effective in Subsection ?? in |Z4j . 



9 




"tacnode" 

Figure 2: An Illustration of Definition 11.31 



Suppose V G &f^(X^ A; J) and [S; u] is an element of A; J, v) as in (|1.1|) . Since Sj C Ss 

is a sphere, we can represent every element of Xi^k{X, A) by a pair such that the attaching 

node of every bubble component C is the south pole, or the point cx) = (0, 0,-1), of CM^. 
Let eoo = (1, 0, 0) be a nonzero tangent vector to S'^ at the south pole. If i G x(^; u), we put 

A(S;n) = d{u\Y.,]\^eoo G T^\^^^^^X. 

Since is J-holomorphic on a neighborhood of cxo in Sj, the linear subspace C-I'i(S;u) is 
determined by [S; n], just as in the z^ = case, which is considered in Subsection ?? in |Z4j . We also 
note that ul^o is a degree-zero holomorphic map and thus constant. Thus, u maps the attaching 
nodes of all elements of to the same point in X, just as in the z^ = case of Subsection ?? 

in [Z4] . 

Definition 1.3 Suppose {X,uj,J) is a compact almost Kahler manifold, A E H2{X]'L)* , and 
If V ^ (&fj^{X, A; J) is an effectively supported perturbation of the dj -operator, the main 

component of the space ^; J, i/) is the subset 9Jt^ ^(X, ^; J, i/) consisting of the elements 

[S; u] of 1Xfli^k{X^ A] J, v) such that 

(a) the degree o/u|sp is not zero, or 

(h) the degree of u\^p is zero and dime S'|3an(cj){Pj(S; u) : iGx(^;^)} < 
This definition generalizes Definition ?? in |Z4j . As in |Z4j . we let 

H2{X;Zy = H2{X;Z) - {0}. 

If [$];n] is as in (ll.lj) . belongs to ^(X, yl; J, z^) if and only if the branches of u{T,) cor- 

responding to the attaching nodes of the first-level effective bubbles of [S; u] form a generalized 
tacnode. In the case of Figure |21 this means that the complex dimension of the span of the images 
of du at the attaching nodes of the bubbles hi, /14, and /15 is at most two. 

Theorem 1.4 Suppose {X,uj) is a compact symplectic manifold, J_= {Jt)te[o,i] ^ continuous 
family of uj-tamed almost complex structures on X, A H2{X ; Z)* , and k^X,'^ . If 

is a family of sufficiently small perturbations of the dj^-operators on Xi^k{X, A) , then 

Tfi^kiX,A;J,u)^ (jTfi^,{X,A;Jt,ut) 

ie[o,i] 

is compact. 
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The requirement that vt be sufficiently small means that it lies in a neighborhood of the zero section 
with respect to a C^-type of topology, with appropriate interpretations of the rate of change in the 
normal directions to the boundary strata of Xi^fc(X, A). This topology will be made apparent in 
the proof. 

Theorem ll.4l follows immediately from ProDositions l2.5l2.71 see also the beginning of Subsection l2.31 
These propositions generalize Propositions ??-?? of |Z4j . 

Theorem 1.5 Suppose {X,uj,J) is a compact almost Kahler manifold, A E H2{X]'L)* , k E 
and W is a neighborhood of f.{X , A; J) in Xi^kiX, A). If v ^ ^.{X , A; J) is a sufficiently 

small generic perturbation of the dj-operator on Xi^k{X,A), then f,{X, A; Jju) determines a 
rational homology class in W . Furthermore, if J_={Jt)te[o,i] a family ofuj-tamed almost complex 
structures on X, such that Jq = J and Jt is sufficiently close to J for all t, and vq and vi are 
sufficiently small generic perturbations of dj^ and dj^ on Xi^k{X,A), then there exists a homotopy 

between and vi such that OTl'i' /.(X, j4; J, z^) determines a chain in W and 

Corollary 1.6 // {X,u),J) is a compact almost Kahler manifold, A € H2{X;'L)* , and k € Z+, 

the moduli space ^Mii.{X,A;J) carries a well-defined virtual fundamental class of the expected 
dimension. This class is an invariant of {X,uj). 

It is straightforward to see that for a generic u Q(5f^f^{X, A; J) the space 97ti^fc(X, A; J, u) is stratified 
by smooth orbifolds of even dimensions. The strata of 

{X, A- J, u) = A; J, u) n {X, A) 

have the expected dimension, based on the index of a certain elliptic operator. In particular, the 
dimension of the main stratum of ^!Ulf^^ {X , A; J, u) is dimi fc(X, A), while the dimensions of all 

other strata of 9Jt|'2(^5 ^) ^'^^ smaller than dimi^fc(X, A). 

On the other hand, suppose Ur,y{X] J) is a stratum of the complement of ^f'^{X, A; J,v) in 
A] J, v)] see Subsection ri . 21 for more details. The sets y^{Ti; u) and ^) are independent 
of the choice of in Ur,u{X; J). We denote them by x^il") and x('^)i respectively. By 

Definition 11.31 for every [T,,u](^Ut,u{X; J) and iGx'^C^)) ^Isi is constant. Thus, 

Ur,AX;J) cXr X Xf{X), 

where A4t is a product of Ix^C^)! moduli spaces of smooth genus-zero and genus-one curves 
and X.f{X) is a certain collection of |x('?')|-tuples of stable smooth genus-zero bubble maps. For 
example, if the elements of Ut,u{X; J) are described by Figure [21 
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In this case, 3iq-{X) consists of triples of stable genus-zero bubble maps each with a special marked 
point, corresponding to the attaching nodes of the elements of xi'^)^ such that the values of three 
maps at the special marked points are the same. If G (5ff,{X, A; J) is generic, we have a fiber 
bundle 

with fibers of the expected dimension. An index computation then shows that 

dimZYr,.(^;J) <dimi,fe(X,A)+2(n-|x(T)|), (1.2) 
where 2n is the dimension of X as before. 

We denote by Eq- — >hlr,v{X\ J) the direct sum of the |x('^)| universal tangent line bundles for 
the special marked points of the elements of each x(T)-tuple in X-f{X) and by 

evp:UT,u{^;J) — >X 

the map sending an element [S; u] of Ur,u{X; J) to the value of u on Sp. Let 7^;^ — >¥E't be the 
tautological line bundle. By Definition 11.31 

UrA^-^ J) n ^i,k{X, A- J, v) = nr{Zr), 

where 

is the bundle projection map and Zq- is the zero set of the section of the vector bundle 

7^^ ® ev*pTX FEr 

induced by the differentials Pj, with i^xi'^)-, defined above. It is straightforward to see that this 
section is transverse to the zero set if v ^&fj,{X, A] J) is generic. Thus, 

dim Ut,u{^'^ J) n A; J, T^) < dim Zr 

= dimZYr,^(X; J) + 2(rkc^r-l) - 2rkc{7*E^CS>ev*pTX) 
<dimi,fc(X,A) -2, 

by 

By the above, for a generic v E (J5'j;^^(X, A; J), ^(X, A; J, v) is stratified by smooth orbifolds of 
even dimensions, such that the main stratum is of dimension dimiAX, A), while all other strata 
have smaller dimensions. Thus, the first claim of Theorem 11.51 follows from Theorem 11.41 bv the 
same topological construction as in Subsection 11.31 The second claim of Theorem 11.51 is obtained 
by a similar argument. 

By the first claim of Theorem II. 5( we can define a homology class for 9Jt^ ^(X, ^; J), which is 

induced by ^^([^.{X , A; J^v) , for any J. By the last statement of Theorem 11.51 this class is inde- 
pendent of the choice u and does not change under small changes in J. Since the space of w-tamed 
almost complex structures on X is path-connected, it follows that the virtual fundamental class of 
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^!Oll A; J) is an invariant of {X,lo). 

Remark 1: It is the simplest to view the last statement above as the independence of all numbers 
GW^'^(^) obtained by evaluating natural cohomology classes on 971^ ki-^^ ^! ^-^ 

Remark 2: Our construction of VFC for OK^* ^(X, ^4; J) uses the configuration spaces Xi^k{X,A) 
and T^T^\{X,A; J) of smooth maps and bundle sections, along with a geometric reinterpretation of 

the VFC constructions for '^g k{X, A; J) described in |FuOj and |LTj : see the previous subsection. 
It may be possible to adapt the algebraic geometry approach of |BFaj for constructing VFC for 
9Jlp^fc(X, A; J) to ki^-: J) '^i^ the desingularization 

^0 ,(P", d) M?,,(P", d) ,(P", di- Jo) 

constructed in |VZj . Here £ G i/2(P";^) is the homology class of a line and Jo is the standard 
complex structure on P". 

2 Proof of Theorem 11.41 
2.1 Notation: Genus-Zero Maps 

We now describe our notation for bubble maps from genus-zero Riemann surfaces and for the spaces 
of such bubble maps that form the standard stratifications of moduli spaces of stable maps. We 
also state analogues of Definition 11.21 for genus-zero maps with one and two special marked points. 

In general, moduli spaces of stable maps can stratified by the dual graph. However, in the present 
situation, it is more convenient to make use of linearly ordered sets: 

Definition 2.1 (1) A finite nonempty partially ordered set I is a linearly ordered set if for 

all ii,i2,hGl such that ii,i2<h, either ii< 12 or i2<ii. 

(2) A linearly ordered set I is a rooted tree if I has a unique minimal element, i.e. there exists 
G J such that 0<i for all i(^I . 

If / is a linearly ordered set, let I be the subset of the non-minimal elements of /. For every hGl, 
denote by Lh^I the largest element of I which is smaller than h, i.e. t/i = max|iGJ : i</i|. 

We identify C with S*^— {00} via the stereographic projection mapping the origin in C to the north 
pole, or the point (0, 0, 1), in S"^. If M is a finite set, a genus-zero X-valued bubble map with 
M-marked points is a tuple 

b = {M,r,x, {j,y),u), 

where I is a rooted tree, and 

x:I — >C = S^-{oo}, j:M — >I, y: M — ^C, and u: I — >C°°{S^;X) (2.1) 
are maps such that Uh{oo) = u^^{xh) for all /iG J. We associate such a tuple with Riemann surface 
Sfe = S^.i)/'-, where T^b^i = {i} x S"^ and (/i, 00) ~ (z.,,, x/^) V/iGJ, (2.2) 
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with marked points 

yi{b) = {ji,yi) G ^b,ji and yo(^) = (6,oo) G S^q, 

and continuous map : S;, — >X, given by lifolsj ^ = for all z G /. The general structure of bubble 
maps is described by tuples T = (M, I; j, A), where 

Ai = Ui4S^] £ H2{X;Z) 

We call such tuples bubble types. Let XriX) denote the subset of Xq ^Qy^]^^j{X, A) consisting of 
stable maps [C; u] such that 

[C;u\ = [{T.h,{6,oo),{ji,yi)i(zM);ui,], 

for some bubble map b of type T as above, where is the minimal element of /; see Section 2 
in [72] for details. For /g{0}UM, let 

evr.XriX) — > X 

be the evaluation map corresponding to the marked point yi. 

With notation as above, suppose 

[b] = [M, I; X, {j, y),u] G Xo,{o}uM {X, A) . 

Let x^{b) be the set of components j of Yli, such that for every component /j that lies between 
Sj and S^g, including Sf, j and S^g, the degree of u\^^ ^ is zero. For example, if b is as indicated 
by Figure m on page|22l the set x^i^) consists of the two components that are not shaded. The set 
X^ib) is empty if and only if the degree of the restriction of Ub to the component containing the 
special marked point is not zero. Let 

SO = {(0,oo)}u \J^b,i- 

We denote by x{b) the set of components Sb^j such that the attaching node of S^^j lies on and 
the degree of Ubls^ - is not zero, i.e. Sf,_i is not an element of x^{b). If the degree of ^tfols^g is not 

zero, x{b) = {0}- If ^47^0 and the degree of "UfclEj^g is zero, the set xib) is not empty, but does not 
contain 0. 

Definition 2.2 Suppose {X,(jj) is a compact symplectic manifold, J_= {Jt)te[o,i] ^■s o, continuous 
family of uj -tamed almost structures on X, A H2{X ; Z)* , and M is a finite set. A continuous 
family of multisections ij= {ut)te[o,i]! with i/^ G C5g'|Q|yjy^(X, A; J^) for a//tG[0, 1], is effectively 
supported if for every element b of Xo^{o}uA/(-'^) ^) there exists a neighborhood Wb of Sj) in a 
semi-universal family of deformations for b such that 
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Definition 2.3 Suppose (X,uj), J_= {Jt)te[o,i]' ^'^^ ^''^^ Definition \2.IA A contin- 

uous family of multisections v_ = (^'t)te[o,i] ? wUh vt G 0q'|q A; J^) for all t € [0,1], is 

semi-ef f ectively supported if for every element b 0/ Xo^{o,i}um(^; ^) such that the marked 
point 2/1(6) lies on T,^ there exists a neighborhood Wb ofT,^ in a semi-universal family of deforma- 
tions for b such that 

^*(^')|2,,nw, = ^ [b']eXo,{o,i}uM{X,A), tE[0,l]. 



We denote the spaces of effectively and semi-effectively supported families as in Definitions 12.21 
and ESI by 

^0,{0}uM (X, A; J) and e5^o!{o,i}uAf i^, A; J), 
respectively. Similarly to the genus-one case, if J is an almost complex structure on X, we denote by 

^muMi^^ J) and ©^o!{o,i}uA/(^, A; J) 

the subspaces of elements u of (J5g'|g|^j^^(X, A; J) and A; J) such that the family 

ft = z^ is effectively supported or semi-effectively supported, respectively. 

If [6] = [Sf,;nb] is an element of Xo^{o}um(-''^) ^) is as above and i£x{b), we put 

V,b = d{ub\^^ J \^eoo e T^^l^^ j^^X. 

If £ ®o^{o}um("^' a^*^ ^ i^ a^ element of 

mo,{o}uM{X,A;J,iy) ^ {dj + u}-\o), 

then tib|si,i is J-holomorphic on a neighborhood of 00 in S^j and C-jT>ib is determined by 6, 
just as in Subsection 11.41 This is also the case if G -^y^j^^(X, A; J) and [b] is an element 

of 9JIo,{o,i}um(-'^) such that yi{b) € T,^. In both of these cases, tife|x;o is a degree-zero 

holomorphic map and thus constant. Thus, Ub maps the attaching nodes of all elements of x{b) to 
the same point in X, as in the genus-one case of Subsection 11.41 

2.2 Notation: Genus-One Maps 

We next set up analogous notation for maps from genus-one Riemann surfaces. In this case, we also 
need to specify the structure of the principal component. Thus, we index the strata of Xi^m{X, A) 
by enhanced linearly ordered sets: 

Definition 2.4 An enhanced linearly ordered set is a pair (/, ^^), where I is a linearly or- 
dered set, H is a subset of Jq x Jq, and Iq is the subset of minimal elements of I, such that if 
|/o|>l, 

^ = {(^,^2), {12,13), ■■■ , {in-l,in), iin,il)} 

for some bisection i: {1, . . . , n} — >Io. 
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Figure 3: Some Enhanced Linearly Ordered Sets 



An enhanced hnearly ordered set can be represented by an oriented connected graph. In Figure El 
the dots denote the elements of /. The arrows outside the loop, if there are any, specify the partial 
ordering of the linearly ordered set /. In fact, every directed edge outside of the loop connects a 
non-minimal element h of I with l^. Inside of the loop, there is a directed edge from ii to ^2 if and 
only if (^1,^2) G 

The subset "i^ oi IqX Iq will be used to describe the structure of the principal curve of the domain 
of stable maps in a stratum of Xi^m{X, A). If i^ = 0, and thus |/o| = l, the corresponding principal 
curve Sp is a smooth torus, with some complex structure. If H 7^0, the principal components form 
a circle of spheres: 

J^P = (^\_\{i}xS^^ / ^, where (ii, 00) ~ (z2, 0) if (ii,i2)S^- 

A genus-one X-valued bubble map with M-marked points is a tuple 

b= {M,I,^;S,x,{j,y),u), 

where is a smooth Riemann surface of genus one if ^>( = and the circle of spheres Sp otherwise. 
The objects x, j, y, n, and {T,b,Uh) are as in (|'2.1() and (|2.2I) . except the sphere S^^^ is replaced 

by the genus-one curve T,b;P = S. Furthermore, if N = 0, and thus Jq = {0} is a single-element set, 
Uq £ C°°(5; X) and yi€S il ji = 0. In the genus-one case, the general structure of bubble maps is 
encoded by the tuples of the form T = {M, j, A). Similarly to the genus-zero case, we denote 
by XriX) the subset of Xi^m^X, A) consisting of stable maps [C;u] such that 

[C;u\ = [{T.b,Ui^yi)i£My,Ub], 

for some bubble map b of type T as above. If v is an element of <3f^j^^j{X, A), we put 

UtAX;J) = {[b]eXT{x):{dj+u}{b) = o}. 

All vector orbi-bundles we encounter will be assumed to be normed. Some will come with natural 
norms; for others, we choose a norm, sometimes implicitly, once and for all. If 5^ — >X is a normed 
vector bundle and (JgR"*", let 

ds = {ved- \v\<6}. 
If is any subset of ^, we take r25 = r2 fi 5^^. 
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2.3 Outline of the Proof of Theorem fOI 

Suppose {X,uj) is a compact symplectic manifold, J_=iJt)t£[o,i] is ^ continuous family of cj-tamed 
almost complex structures on X, A^H2{X]'L)* , M is a finite set, and 

is a family of sufficiently small perturbations of the 9jj-operators on Xi^m{X, A). Let and hr be 
sequences of elements in [0, 1] and in OJl^* m{^^ ^5 ^u) such that 

lim tr = and lim br = b & Tli m{X, A; Jq, z/q). 

r >oo r >oo ' 

We need to show that b^djtl ^; Jo, fo)- By Definition II. 3( it is sufficient to assume that b is 
an element of Ur,uo{X; Jo) for a bubble type 

T={M,I,^;j,A) 

such that Ai = for all minimal elements z G / . 

We can also assume that for some bubble type 

r={M,l',W;j',A:) 

br&UT',i't^iX; Jt,.) for all r. If A'- = for all minimal elements i(zl', the desired conclusion follows 
Proposition l2.5l below. as it implies that the second condition in Definition ESI is closed with respect 
to the stable map topology, A'-^O for some minimal element iGl' and i.e. the principal 

component of is a circle of spheres, Pr op osition 12 . 61 implies that b satisfies the second condition 
in Definition 11.31 Finally, if ^>(' = and A'^^j^O for the unique minimal element i of I' , the desired 
conclusion follows from Proposition 12.71 We note that the three propositions are applied with b 
and br that are components of the ones above. 

Let [n] = {1, . . . , n}. 

Proposition 2.5 Suppose {X,uj) is a compact symplectic manifold, J_=iJt)t£[o,i] ^ continuous 
family of uj-tamed almost complex structures on X, A^H2{X;'L)* , M is a finite set, and 

ll={^t)te%i] e (So!{o}uM(^'^;iZ) 

is a family of sufficiently small perturbations of the dj^-operators on Xo^{o}um(^) Iftr o^nd [6^.] 
are sequences of elements in [0, 1] and in SOTj] {o}um("'^' ^'■••-^tr^ ^u) such that 

lim tr = and lim [br] = [b] e Tlo so}uMiX,A; Jo,uo), 

r >oo r ►oo ^ ^ 

then either 

(a) dime Span^c,Jo){'^i^- ^^x{b)} < lx(^)|, or 

(b) nT=iUr'>r'^-Jr''^6br' C Span(^c,Jo){'^ib ■ i^xib)}- 
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Proposition 2.6 Suppose {X,uj) and J_ are as in Provosition \2.5l n^TL'^ , Ai, . . . , An(zH2{X;'Z)* , 
Ml, . . . , Mn are finite sets, and for each k G [n] 

Kk = {^k,t)te[0,l] G 'So^{0,l}UA4(^'^fc;iZ) 

is a family of sufficiently small perturbations of the Bj^-operators on jCo,{o,i}uMfc(^)^)- Let tr and 
[bk^r] be sequences of elements in [0, 1] and in TIq |g lyu^.f^ {X, A^; Jtr > ^^fc,*,-) /^^ ^ ^ such that 

evi(6fc,r0 = evo(6fc+i,r) V/cG evi(6„_r) = evo(6i,r.), 

lim = 0, anrf lim [ftfc.r] = [&A:] G 2Ro,|o,i|uMfc ^fc; ^0, i^fc,o) VA;G[n]. 

r >oo r >oo 'l i j 

Ifyi(bk)^^bk allke[n], then 

k=n 

dimcSpan(^C,Jo){'^ibk-i^x{bk), ke[n]} < ^ |x(^fc)l- 

k=l 

Proposition 2.7 Suppose {X,uj), J_, A, and M are as in Provosition \2.5\ and 

l^^{^t)tem^®tM{X,A-J_) 

is a family of sufficiently small perturbations of the dj^-operators on Xi^MiX,A). Let tr and [br] 
be sequences of elements in [0, 1] and in OJt^ A; Jt^, vtr) such that 

lim = and lim [6,.] = [&] G m{X, A; Jq^uq). 

r >oo r >oo ' 

If b=iTi;u) is such that the degree of u\y,p is zero, then 

dime Span(c^jQ){Dj6: i&x{b)} < \x{b)\. 



Propositions 1231 1221 and 12.71 follow immediately from the estimates (|2.12|) . (|2.17|) . and (|2.35|1 
below. These estimates are obtained by combining the approach of Sections ?? and ?? of |Z4j with 
some aspects of the local setting of Section 3 in |LTj . A key step is Lemma ?? of |Z4j that gives 
power series expansions for the behavior of derivatives of J-holomorphic genus-zero maps under 
gluing. They lead to estimates on obstructions to smoothing genus-one J-holomorphic maps from 
singular domains in Lemma ?? of jZ4j. While the maps we encounter are not J-holomorphic on 
the entire domain, they are J-holomorphic around the part of the domain which is essential for the 
estimates of Lemmas ?? and ?? in |Z4j . i.e. in the notation of Subsections 11.31 and 12.11 above. 
The argument in the next two subsections is in fact an extension of Section ?? in |Z4j . but is far 
more detailed. 

2.4 Proofs of Propositions 12.51 and 12.61 

Let {X,uj), J, A, M, V, 

b = {M,I;x,{j,y),u), and Ui = Ub\Y:,,^i 
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be as in the statement of Proposition 12.51 For each we put 

T{b;i) = {C£T{Eb,i;u*TX) : e(oo) = 0} and T^^'^b-i) = T{J:i,a; ^X,jT*^b,i^u*TX) , 
where j is the complex structure on T,f,. We denote by 

the hnear operator induced by the hnearization Djo,i/o;6 of the section Bj^+uq at b. 
We put 

1+ = {ieI:Ai^O}. (2.3) 
For each choose a finite-dimensional linear subspace 

r^^\b;i) C r(S6,iXX; A°;y*T*Sb,i^7r2*rX) 

such that 

rO'i (&; i) = Im L> e { {id X n J*7? : 77 G f (6; i) } 

and every element of t^^{b; i) vanishes on a neighborhood of oo G Sf,^j and the nodes Xh{b) € Sft^j 
with ih = i- If i&I—I^, we denote by f'^'^(6; i) the zero vector space. Let T be the bubble type of 
the map b. We put 

U={b'^iM, I; x', (j, y'),u') : [6'] GXr(X), 

vri{9j,j + zvoH' G {idxua*f°'i(6;i) ViG/}, 

where 

7r,:rO'i(6';Jo)^rO'i(5';i) 

is the natural projection map. By the Implicit Function Theorem, U is a smooth manifold near b. 
Let 

evo'.U — > X, b' — > Ub' {0,oo), 
be the evaluation map for the special marked point 0; see also Subsection 12.11 Let 

be the bundle of smoothing parameters. We denote by J^® the subset of consisting of the elements 
with all components nonzero. For each v = {b',v), where b' and v = {vi)^^j, and i£x{b), we put 

Piiij) = JJ-u/iGC and Xi{v) = (xif{b') Y\vhj G C, 

6<h<i 6<i'<i 6<h<i' 

where Xi{b') is the point of Sy^^ to which the bubble Sb/^j is attached; see (|2.2)) and Figure E] on 
pageHH 

For each sufficiently small element v = (b',v) of let 
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be the basic gluing map constructed in Subsection 2.2 of |Z2j . In this case, Tiy is the projective 
hne with |M| + 1 marked points. The map Qy collapses \I\ circles on Tiy. It induces a metric 
on $]„ such that {T,y,gy) is obtained from S^/ by replacing the |/| nodes of S^/ by thin necks. Let 

Uv = Uy o q^. 

We fix a Jo-compatible metric g on X and denote the corresponding Jo-compatible connection 
by V. The map induces norms || • \\v,p,i and || ■ ||„^p on the spaces 

r(s„;<rx) and r(s„; A°;i^^.r*s„^<rx), 

respectively; see Subsection 3.3 of Z2 . We denote the corresponding completions by T{v) and T^'^{v). 
The norms || • \\v,p,i and || • are equivalent to the ones used in Section 3 of |LTj . 

Let tr and hr be as in Proposition 12.51 Since the sequence [6,.] converges to [6], for all r sufficiently 
large there exist 

h'^ GU, Vr = {b'j.,Vj.) e J^, and ^ r(f,.) 

such that 

^r(oo) = Vr, lim b[ = h, lim lu^l = 0, lim HCrlk^ p i = 0, (2.4) 

r >oo r »oo r — >oo 

and = = exp^^^^^) . 

The last equality holds for a representative for [6^]. 

Remark: The existence of 6^, u^, and as above can be shown by an argument similar to the 
surjectivity argument in Section 4 of |Z2j . with significant simplifications. In fact, the only facts 
about the bubble maps b'^ we use below are that they are constant on the degree-zero components 
and holomorphic on fixed neighborhoods of the attaching nodes of the first-level effective bubbles. 
Such bubble maps 6^, along with Vr and can be constructed directly from the maps br'-, see the 
beginning of Subsection 4.4 in |Z2j . 

If JeM+, b' gU, and v = {b' ,v) GJ^® is sufficiently small, we put 

= SO U |J^''',*('^)' ^here ^,,,(,5) = {(i,z): \z\>5-^l^ /2] C T.y^i^S'', (2.5) 

and Y.l{5) = qZ\TPy{5)). (2.6) 

Choose 6 G such that for all i G x{b) all elements of T^J^{b]i) vanish on Ab^i{26) and for all r 
sufficiently large 

^'t(fer)|s(', (25) = and Z^t(fer)|£0 (25) = VtG[0,l]. 

Such a positive number 6 exists by our assumptions on the spaces T^J^{b;i) and the family of per- 
turbations z^; see Definition 12.21 
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For every element 5' = ($]ft/;nft/) of U and every sufficiently small element v = {b',v) of J^, we 
denote by 

Holjo(Sg,(5); )X) and Holjo(S°(5);revo(6')^) 

the spaces of holomorphic maps from and into the complex vector space (Tg^g^^z-jX; Jq). 

Let exp be the V-exponential map. For every b' as above, ui,i\yp is constant and ui,i\yp ,2i) is 
Jo-holomorphic. Thus, if 5 is sufficiently small, there exist continuous families of maps 

e L?(S0 (5);End(re,„(,,)X)) and §y G \io\j,{Y!i{5);T,,,(y-^X) 
with b' such that for all 6' sufficiently close to b' 

^fe'lso, = Id, ||$fe/-Id||^,p^^ < ^, and 

expevo(6') {'^b'{z)^b'{z)) = Ub'{z) yz e 

This statement follows immediately from the proof of Theorem 2.2 in |FlHSj . Similarly, for every 

br = {T.b/,Ub^) = (S„,,;exp„^^^^) 

with r sufficiently large, Ub^\-£o (25) is Jf^ -holomorphic. Since HCrllur.p,! tends to zero as r ap- 
proaches oo, if 6 is sufficiently small and r is sufficiently large, there exist 

e L?(sO^(5);End(Te.„(,,)X)), G Holj„ (^0^(5); Te.„(,,)X) 

such that 

\\^br-^b',oqvr\l,^^p^-^ < C{\\Jo-JtJc^ + \Vr\'^/P+Ur\\vr,p,l) aud 

exPevo(fe;) i'^briz)K.iz)) = Ub^{z) Vz GS°^(5). 

In the inequality above, both norms || • ||t;r,p,i are the norms induced from the pregluing construction 
as in Subsection 3.3 of |Z2j . With these norms, the existence of and 'dbr follows easily from the 
proof of Theorem 2.2 in |FlHSj : see the paragraph following Lemma ?? in |Z4j . 



If i G x{b) and b' gU, let Wi be the standard holomorphic coordinate centered at the point oo in 
Sfe',i = 5^. If mGZ+, we put 

(m) 1 d"^ 

'^i '&b' = —:jZ:^^b',i(.^i) ^^'^cwo(b')X, where ^b' ,i = '&b'\T.y y 



ml dwY^ 



Wi=Q 



Similarly, for all r sufficiently large, we put 



W={J 



where w is the standard holomorphic coordinate centered at the point oo in ~ S'^. The key 
step in the proof of Propositions 12.51 and 12.61 is the power series expansion 

k=m , ^\ 

^t^^^r = E (Tl) E^r'MpHvr){vl'\+ef;^} G (T,.„(,, )X, Jo), (2.7) 

1,-1 \ / »v-,,^^,^ 



k=l iexib) 
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h2 hi 



(6,(^) 



I /is 



X{b)^{hi,hi,hr^} 

P{v) = {vhi,Vh3Vhi,Vh3Vhs) 



PW^,^ = Vh, K^k) +^h:,VH, 



Figure 4: An Example of the Estimates (|2.7j) and (127 



(fc) 

for some ^ €Tp„^(h' \X such that 



<C5-^/2(||Jt,-Jo||ci + kr.|'/^+||er-|k.,p,l)- 



(2.8) 



The expansion (|2.7() is obtained by exactly the same integration-by-parts argument as the expan- 
sion in (2a) of Lemma ?? in !Z4I . We point out that ef'^ is independent of m. The m = l case of 
the estimates p.7|) and (|2.8|1 is illustrated in Figure ID 



(2.9) 



We now complete the proof of Proposition 12.51 By the m = l case of (|2.7|) and p.8j) . 



On the other hand, since <I>b^(i, 00) =Id and '&b'^{i,oo)= for all i(zxib), 
Furthermore, since 

|<I>6,(6,oo)-Id| < C||<I>fe,-$fe;Og,J^^^p^^ < C7'(||Jo-J,J|^i + |^;,,|l/P+|[^^,||^^^^^^) 

and i?b^(6,oo)= 0, 



(2.10) 



(2.11) 



By (jm - (tmi . 



Ep.(7;r)(A6;)| < C(||Jo-JiJlcl + l^^r|^/^+llCr|ln„p,l) J^|P*(^r)| (2.12) 

for all r sufficiently large. Since 

lim (||Jo-4,||^i + |^;,|Vp+||^^||^ ) = 

r — >oo 

and Dib'^. — >'Dib for all i€ xib), (|2.12|) implies that b must satisfy one of the two conditions in the 
statement of Proposition 12.51 
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We next complete the proof of Proposition 12.61 By the assumption on the bubble maps bk made 
in Proposition 12.61 and by Definition 12.31 evo(6fc) = evi(6fc) for all k. Thus, 

evi(6fc) = evo(6A:) = evi{bi) y k,l £[n]. 

Let q denote the point evo(6i). We identify a small neighborhood of g in X with a small neighbor- 
hood of q in TqX via the exponential map exp and the tangent space to X at a point close to q 
with TqX via the parallel transport with respect to the Jo-lineav connection V. 

For each pair {k, r), with r sufficiently large, let (6'^ ^, Vk^r, Ck,r) be an analogue of {h'^,Vr,£,r) for 6^^^- 
We put 

Ck,r = evo(6fc^r) G TqX and 
Ck,r = evi{bk,r) - evo(6fc,r) = evi(6fc,r) - evo(6fc^r) G TqX. 

By the assumption on the maps 5^. made in the statement of Proposition 12.61 

\Ck,r + Ck,r — Cfc+l,r| < ClCfc.rl ' |Cfe,r| V /c G [n-1], 

\Cn,r ~l~ Cn,r Cl,r\ ^ C'|Cn,r| ' |Cn,r|) 

k=n 

=^ |Cl,r + ... + Cn,r| <erX]|Cfc,r|, (2-13) 

k=l 

for a sequence converging to 0. 

On the other hand, the marked point yi{bk^r) = Vi{vk,r) of the bubble map b^^r lies in Tj^^^{5). 
Thus, 

oo 

= KAvii'^Kr)) = yiM-'^iv^^^K.r), (2-14) 

m=l 

where yi{vk^r) gS"^ — {00} is viewed as a complex number. Combining 1)2. 14() with 1)2. 7|) and 1)2. 8|) 
and then taking the lowest-order terms, we obtain an expression of the form 

Ck,r - {ylAb'k,r)-X^■,l{b'l,^^))-^Pi■l{vk,r){vl^^\ J 

< C(||Jo-JiJlci + |^^fc,r|^''^+||?fc,r||«fc,,,p,l) X] \piA'"Kr% 

see the proof of Corollary ?? in 'Z4' for a derivation and the notation involved. For the present 
purposes, the only fact we need to know about ()2.15|) is that 

< \pi;i{vk,r)\ < \uk,r\ ^ i£x{bk), k£[n]. (2.16) 

In particular, pi-i{vk,r) is a sequence of nonzero complex numbers that approaches zero as r tends 
to infinity. By (ITT3ll and (jSHJ), 

k=n k=n 
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for a sequence {e,.} converging to 0. Since 

=Afefcr — ^'Dih as r — >oo, 

^ k,r ' 

H2.16() and H2.17() imply the conclusion of Proposition 12.61 
2.5 Proof of Proposition 12.71 

We prove Proposition 12.71 by combining elements of the previous subsection with a version of the 
two-stage gluing construction of Section ?? in |Z4j . At the first stage, we smooth out all nodes of 
an element close to b that lie away from the principal component(s) Sp of S'. This stage 

will be unobstructed. The objective of the second stage of the gluing construction is to smooth out 
the remaining nodes of T,'. We obtain Proposition 12.71 bv estimating the obstruction to achieving 
this objective. 

Let {X,uj), J, A, M, u, 

b = {M,I,i<;S,x,{j,y),u), and Ui = Ubls^^^ 

be as in the statement of Proposition 12.71 For each zG/, we define 

Dj,,,,.t,i:T{b;i) ^T'>'\b;i) 

as at the beginning of the previous subsection. With C/ as in (|2.3|) . choose 

f°:^(6;i) C r(Sb,ixX; A°;^^^.7ri*r*Sfe,i0^2*rX) 

as in Subsection 12.41 Let T be the bubble type of the map b. We put 

U = {b' = {M, I, S', x', {j, y'),u') : [6'] gXt(X), 

^il^Joj+^oW G {idxn-}*f°;^(6;i) ViG/}, 

where 

^.:rO'i(6';Jo)^r°'i(5';i) 

is the natural projection map. By the Implicit Function Theorem, W is a smooth manifold near b. 
lib' ^U, uy\Y.y,p is a degree-zero Jo-holomorphic map and thus is constant. Let 

evp-.U — > X, b' — > Ub' {Tib' -p) , 

be the map sending each element b' of U to the image of the main component of its domain. 

For each b' let 

r_(6') = {(eT{b'):7r,Dj,^,,,b< G {idxub',,}*t''_l\b;i) ViG/}, 
where Ub' ^i = Ub'\^y We denote by 
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the subspace obtained by extending all elements of each of the spaces 

with iG / by zero outside of the component Sfe/^j of Tif,/. 
We put 

h = {hei: Lhelo}, 
where Iq is the subset of minimal elements of /. Let 

T — >U 

be the bundle of gluing parameters. In this case, T has three distinguished components: 

= J^H © -^0 ffi -^1 1 where 
^i^=UxC^, ^i=Uxd-^\ and To\f^, = ^ T^^^b')^b';P ^ b' eU. 

The total space of j^o has a natural topology; see Subsection ?? in |Z4j. We denote by ^ the 
subset of consisting of the elements with all components nonzero. If i € /, let h(i) G Ii be the 
unique element such that h{i)<i. For each v={b',v), where b' £U and v={vi).^^^j, and iGxib), 
we put 

vq = {b\ K)ieNu7i), VI = {b', K)jg|_jJ, 
Piiv) = Y[vheC, and pi{v) = pi{v) ■ Vh{i) G T^^^^^(b')^b';P- 

h{i)<h<i 

The component vi of v consists of the smoothings of the nodes of T,b that lie away from the prin- 
cipal component. 

For each sufficiently small element v = {b',v) oi , let 

be the basic gluing map constructed in Subsection 2.2 of |Z2j . In this case, the principal component 
S„j;P of Yi^^ is the same as principal component Yi^-p of Efe/, and has bubble components 
/j, with /iG/i, attached directly to Ti^^-p. The map q^^ collapses |/ — /i| circles on the bubble 
components of S^,^. It induces a metric g^^ on such that is obtained from S;,/ by 

replacing j/ — /i| nodes by thin necks. Let 

Uvi = Ub' ° Qvi ■ 

The map q^^ induces norms |[ • ||t;i,p,i and || • ||„;^^p on the spaces 

{eGr(S„,;<TX):C|s„^^,=0} and {r? G r(S„, ; A°;;^^.T*S„, ®<rX) : =0} 

respectively; see Subsection 3.3 of |Z2j . We denote the corresponding completions by Tb{vi) 
and r^^(fi). 
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Remark: The weights for the norms || • ||?ji,p,i and || • \\vi,p are constructed as Subsection 3.3 of jZ2j . 
but on each of the bubbles separately. The restrictions of these norms to each of the bubbles 
are equivalent to the norms used in Section 3 of |LTj . 

Fix Cb S such that for every /i € /i the disk of radius of 8eb in T,b-p around the node Xji(b) 
contains no other special, i.e. singular or marked, point of S^. For each (6', v) S JF® with b' &L{ 
sufficiently close to b and v sufficiently small, let 

Qvo;2'- '^v '^vi and Qvo;2'- ^ '^vi 

be the basic gluing map of Subsection 2.2 in |Z2j corresponding to the gluing parameter vq and 
the modified basic gluing map defined in the middle of Subsection ?? in jZ4| with the collapsing 
radius e^,. In this smooth genus-one curve. For each /iG/i, the maps Qvo;2 and (ivo;2 

collapse the circles of radii Ivf^l^^"^ and e;,, respectively, around the point Xh{b') S Ti^-^-p. Once again, 
the map 

Qv = <lvo;2° Qvi '■ ^ ^b' 

induces a metric on S^, such that {T,y,gy) is obtained from S^/ by replacing all nodes by thin 
necks. 

For each tG [0, 1], let gt be the Jj-compatible symmetric two-tensor on X given by 

If t is sufficiently close to 0, gt is positive-definite, i.e. it is a Jf-compatible metric on X. We denote 
the Jt-compatible connection induced by the Levi-Civita connection of the metric gt by V* and the 
corresponding exponential map by exp*. 

If is a small neighborhood oi b inU and 6 G M"*" is sufficiently small, let 

XiiW,6) = {{^^,;u^,,i:)^{^^,-exp,^^^):v = ib',v)eTl\w; ^eTB{vi), mU,p,i<S}. 
For each element of Xi{W,5), we put 

Uv,^ = Uvi,i° qvo;2- (2-18) 

The map C[vo;2 induces norms || • ||i;,p,i and || • \\v,p on the spaces 

r(S„;<^5rX) and r(s,; A°;^r*S,®<_^TX), 

respectively. For t sufficiently small, we use the metric gt on X to define a norm on the latter 
space. Let r(f;^) and T^'^{v;£,) be the corresponding completions. If v = {b',v), we put 

where 11^ is the V-parallel transport along the V-geodesics r — i-exp^^^r^. Let 
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be the L^-orthogonal complement of r_(t;;^) defined witli respect to the metrics on T,^ and g 
on X. For every tG [0, 1], we denote by 

the natural projection map. 

For each b'^U, each sufficiently small element v={b',v) of j^®, and (5gM"^, we define 
A',i(<5),S|!,(5) C Sfe,, ^l^{5) C and 2° (5) C S„ 

by (^31) and (jTB]) . Choose a neighborhood TV of 6 in ZY, 4g(0, £{,), and 5 G (0,5^/2) such that 

(i) the maps q^j and Qvo;2 Siie defined for all vGJ'^\\y] 

(ii) for all iGx(^) elements of T^_l^{b;i) vanish on Ai,^i{6h); 

(iii) i^t{b')\^o (25;,) = fo'^ <3very tG[0, 1] and b' eW; 

(iv) i^t(^)|20(25t) ~^ every tG[0, 1] and every 6= exp„^^ ^(") such that 

veT^lw, {^vi]Uvi^^)eXi(W,5), C&T{v;C), and \\C\\v,p,i<6- 
Such a positive number 6 exists by our assumptions on the spaces f^^(6;i) and the family of per- 
turbations u; see Definition 11.21 

Suppose v€j^\w and {T,vi', Uv^,^) g3Ci(VF, 5). By the construction of the map qvo;2 in Subsection ?? 
of |Z4j and the assumptions that 5 < (5^/2 and di,<eb, 

is a biholomorphism. Thus, by the assumption (iv) above with C = 0) for every t G [0, 1], we can 
define 

If v = {b' , v), we put 



Let tr and 6^ be as in Proposition 12.71 Since the sequence [br] converges to [b], for all r sufficiently 
large there exist 

b'^eW, Vr = {b'^,Vr) e J^l, &'i^t,s{.Vr), and Cr&^+iVr]Cr) 

such that 

lim b[. = b, lim \vr\ = 0, lim Ur\\vr.i,p,i = 0, lim \\Cr\\vr,p,i = 0, (2.19) 

r >oo r >oo r >oo ' r >oo 

and 6r = (Sfc^;nbJ = (S„^;exp^^^^^Cr)- (2.20) 
The last equality holds for a representative b^ for [6^]. The existence of {vr,£,r,Cr) for 

breTl%j{X,A;Jt,.,iyu) (2.21) 
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as above will imply that b satisfies the second property in Definition 11.31 

Remark: Similarly to the genus-zero case, the existence of {vr,(,r, Cr) can be shown by a variation on 
the surjectivity argument of Section 4 in |Z2j : see also the paragraph following Lemma ?? in |Z4j . 
This is also the case if the map qvo;2 is used instead of qvo;2 in <|2.18|1 . However, using the map 
Qvo;2 in (|2.18() makes the maps with ^ € Tf^s^v), closer to being ( Jt, ft)-holomorphic. Since 

""fc'lsj/.p is constant, the choice of qvo;2 for constructing approximately ( Jt, t't)-holomorphic maps 
is analogous to that of Section 3 in |LTj . 

For each vGJ^^\w and ^GTt^siv), let 

be the linearization of section dj^+ut at defined via the connection V*. We denote by 

the image r+(t;;^) under -D*.^. By the same argument as in Subsection 5.4 of |Z2j . there exists 
C G R+ such that 

c-'||Clk,p,i < ||^*;^C|L,p<C||Clkp,i yte[o,5], v€^\w, ^^rt^v), CGr+(u;e), (2.22) 

provided W and 6 are sufficiently small. 
Put 

If 6 is sufficiently small, by the same argument as in Subsection 3.5 of |Z2j and our assumptions 
on the spaces r_(6;i), 

r'/{v; = r',:i{v; e) e f e) e r°'l(z;; 0, (2.23) 

for some subspace r^!^{v;^) of T^'^{v;^) isomorphic to the cokernel of the composition: 

^oZ)^„,,„^,,:r(6') ^rO'i(6';Jo) ^rO'i(5'; Jo)/{idxn,,}*f°;\6';X). 

This cokernel is naturally isomorphic to 

r^_l\b'; Jo) = nl;^ ^j, T,,^^b')X C r^'\b'; Jo), 

where Tl^l^ is the one-dimensional complex vector space of (0, l)-harmonic forms on the principal 
component Sfe';p of E^/. If S^/.p is a circle of spheres, the elements of H^',^ have simple poles at the 
nodes of Sfe';p with the residues adding up to zero at each node. Recall that {T,y,gy) is obtained 
from Tifji by replacing the nodes of S^/ with thin necks. The map 

collapses each neck at its thinnest position to the corresponding node. For each element r] of 
T^_l^ {b' ; Jt) , we can construct an element Rv,^")] of T^'^{v;^) by parallel transporting t] along the 
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restriction of u^^^ to ^{Ah^hi^'^)) for each h£ Ii and cutting it off with a smooth function that 
drops from 1 to over the annulus q~^{Af,^hi^b)~ '^b,h{S^/^))'i middle of Subsection ?? 

in |Z4j for details. We denote by T^!^{v; ^) the image of r'^^(6'; Jt) under 

Remark: In the construction of the map g„Q;2 in Subsection ?? of |Z4j . 6k corresponds to el above. 
In the construction of Rv,^'n in Subsection ?? of |Z4j . Sk corresponds to 5^/4 above. 

Let ((•, ■))t denote the Hermitian inner-product on T^'^{v; ^) induced by the Jt-compatible metric gt 
on X. For each r]£r^_^^(b'; Jt), let 

where (•, ■)t is the hermitian inner-product on 7^||/'^<8>JtT'evp(fe')X defined via the metric 5 on X and 
the original metric gt' on E^'. From the construction of in Subsection ?? in |Z4j and Holder's 
inequality, it is immediate that 

|((7?',ii,,5r?»J < CM\W\Up Vr/Gr°:\6'; Jt), 7?' GF^'^t;; C); (2.24) 

see equation (??) in (Z4j. Another essential property of the above construction is that 

|((L>*.^C,^«,???))J <CIt;|i/2||^|||[^|[^^^^^ VtG[0,<5], v€J^\w, ^^Tt^v), C^r{v;0; (2.25) 

see part (7) of Lemma ?? in Z4] . 

Due to the assumption ()2.2Up . the condition ()2.2ip is equivalent to 
The quadratic term A'"*.^ satisfies 

IKedL^p < C||C||^,p,i yte[o,5], ve^lw, ^eTt,s{v), Cer(i;;C) s.t. \\C\\v,p,i<S. (2.27) 

We will obtain Proposition I2.7l bv estimating the inner-product ((•, of each term in 1)2. 26() with 
each element of F^^^_(fr; ^r)- 

First, for every v(^Tg\w and £,^Tt^s{v), let 

be the projection map corresponding to the decomposition 1)2. 23() . Then, 

= ^v^{{{^Jt+^t;vi,^}uv^,^) o dqyo-2) + TT^^^dj,{uv,ioq^g.2) (2.28) 
= 7r*'J^Jt(^t',C°^«o;2)- 

The reason for the second equality is that the map qvo;2 is holomorphic over the support of vt;vi,i- 
This last equality follows from the definition of Tt^^[v) above. By our assumptions on b' and ^, 

^"i:CL-ifE , -) = "^^"^^ =^ du^^^i:odq^,y^2 L-i , = 0- 
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By the construction of the map qvo;2, the restriction of to the complement of g^^^2'J'wi^(^b';-P) 
in Tiy is holomorphic outside of the annuU 

with /i G /i . The map q^ maps such an annulus isomorphically onto the annulus of radii €{, /2 and €b 
around the point € Sf,';p. The key advantage of using the map qyg-2 instead of qvo;2 in (|2.18|1 
is that 

\\dQvo;2\\co{A^ h) - ^^^''^ V/iG/i, (2.29) 

where C''-norm of dqvg-2 is computed with respect to the metrics g^-^ and on and re- 
spectively. 

Since 'WDi,^|g„Q.2(yt„ is Ji-holomorphic, 1)2. 7|) and 1)2. 8p give 

\\d^vuk.,rAA.Jl,,p<C\vH\'/'' Y.\pM V/.G/i; (2.30) 

iGx(T),h{j)=h 

see part (2b) of Corollary ?? in [T!]. Prom (jT^ - ltTTpi . we conclude that 

IKJ{^Jt+^J^-,dL,p<^ El/'*^^)! vte[o,(5], t;G.F5V, eerj,5(ti), (2.31) 

if W and 5 are sufficiently small. This estimate is the analogue of the first estimate in part (3) of 
Lemma ?? in |Z4j . Separately, by the construction of the homomorphism R^^^, 



supp ii:„,^r/ n supp = V iJ^^^r/ e r°.'l(f ; C), 7?Gf°.':^(t;; ^). 
Thus, by the Jt-holomorphicity of ^?Ji,5lg„jj.2(^„ h)) (!2.7j) . (|2.8|) . (|2.28|) . and integration by parts, 

'^''^^^ (2 32) 

<c(iiJt-Joiici+|t^r/^+i^|(^-')/^+iieikp,i)ii^iiEi'^^(^)i' 



see the proof of part (6) of Lemma ?? at the end of Subsection ?? of jZ4l| . Here (•, •) is the Hermi- 
tian inner-product on {T^^p(^f,/-^X, Jq) defined via the metric g on X. 

We now finish the proof of Proposition O By (IT^ . ^^TM . (IT771) . (|OT|) . and the definition 
ofP^^(t;;e), 

||Cr|k,p,i El-^^^^-)!' (2.33) 

for all r sufficiently large. Combining this estimate with 1)2.24(1 . ()2.25() . and (|2.27l) . we obtain that 
for ah r/er'?:^(5;; Jo), 

K(^t;€.C.,i2..,5.^»,J <C|t;.|V2||^|[ |p,,(t;,)|; 

^^^^^^ (2.34) 
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Finally, by (fTTH)) . and (fT^ . for a sequence converging to 

i'nx^i^{b'^){Pi{'fr)))\ < ^r\\'n\\'^\Pii'^r)\ V ^ T~(-bt ^ Jo'^cv p {b' ) ^ ■ (2.35) 

*ex(r) iex(r) 

Since € J^''' for all r, pi{vr) 7^ for all i G x(^)- Thus, H2.35() implies the conclusion of Proposi- 
tion [T7J since Vib'^ — >T)ib as r — >oo. 

3 Proof of Theorem 11.11 
3.1 Summary 

Suppose (X, w). A, k, and J are as in the statement of Theorem 1 1 . 1 1 and 
is a geometric cohomology class. By definition, 

l=k 

For each Z G [A:] , choose a pseudocycle representative 

for PDx^i- In particular, Y/ is a disjoint union of smooth manifolds. The dimension of one of 
them, ll;min is di; the dimensions of all others are at most di—2. The map // is continuous, and its 
restriction to each smooth manifold is smooth; see Chapter 7 in |McSaj or Section 1 in |RTj . Let 

l=k l=k 



ev = J] evi : Xi,fc (X, A) ^ J] X, 
1=1 1=1 

L — Aj / — J, — k / — 



,mn' 

1=1 1=1 1=1 1=1 



With {fi)i£[k] as above, for any i/G0^'^(X, A; J) and a bubble type T as in Subsection 12. 2| let 

Xi,,. (X, A; /) = { (6, z) G (X, A)xY : ev(6) = /(z) } , 
Mi,fc(X,A; J,i/;/) = (Mi,fe(X,A;J,i/)xy)nXi,fc(X,A;/), and 
ZYt,.(X; J; /) = [UtAX; J)xY)n Xi,fc(X, ^; /). 

If v is sufficiently small, the space 9Jti^fc(X, ^; J, u; f) is compact. Let 

l=k l=k 



«=i 1=1 



31 



be the fc-fold product of the diagonals. If v and /; are chosen genericahy, then 

m^,f,{X,A-J,v-f)^m\^{X,A-J,v)^Y^^ (3.1) 

and the map 

is transverse to A^. Thus, 9Jli^fc(X, A\ J, v\ /) is a compact zero-dimensional orbifold. By definition, 

GW^,,(^;V')= ±|Mi,fc(X,^;J,z.;/)|, (3.2) 
if V is sufficiently small and v and fi are generic. 

Similarly to the previous paragraph, if z/es G (5^\(X, A\ J), let 

M?,(X,^; J,i/es;/) = (M;,(X,^; J,i.es)xF) nMi,fe(X,A; J,i/es;/). 



For generic v^^^'b'fJyX.A-.J) and //, 

^,fc(X,^;J,z.es;/) C9Jt?,;,(X,^;J,z.es)xy„,n (3.3) 

and the map 

evx/:2Jl?^,(X,A; J,i/)xy^, ^ (X^)'^ 

is transverse to A^, by the second half of Subsection 11.41 Thus, 9Jl'|' ^(X, A\ J, i/es; /) is a compact 
zero-dimensional orbifold. By definition. 



Gw;';^(A;^)= ±|M^_,(X,^;J,z.es;/)|, (3.4) 
if z^es is sufficiently small and fes G ^'^'^ generic. 

If fes G ®rfc("^'^' generic, ()3.ip and 1)3.2(1 do not generally hold for v = v^s because 

the restriction of the map ev x / to some strata of 

pi,fc(X, A; J, i^es) - ^IkiX, A; J, u,,)) x Y 

may not be transverse to A^. Instead, we will apply ()3.1() and (|3.2p with u replaced by Ues+iy for 
a generic u ^ (5'1'1.{X , A; J) which is sufficiently small relatively to fes. In such a case, the compact 
zero-dimensional orbifold 

mi,k{X,A;J,iy+u,,;f) (3.5) 

will lie in a small neighborhood of 

mi,k{X,A;J,u^;f)cXi,l,{X,A;f). 

We will express the cardinality of this orbifold in terms of data intrinsic to 9Jli^fc(X, ^; J, fes; /). 
From the transversality of the relevant maps, it is straightforward to see that there is a unique 
element of (|3.5|) close to each of the elements of 971^ ki-X, A; J, u^s, /)• Thus, 

GWf,(A;^)-GW?;f(A;^) 
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is the number of elements of H3.5|) that he close to the closed subset 

A- J, i^es; /) - ^; J, ^es)xY (3.6) 

of A] J, i'cs)>iY. The contribution of H3.6(l to ()3.4p can in fact be split into contributions of 

the subspaces Ur,u^X-^'i ^'-^ /) °f (|3-fc>|) . By studying local obstructions similarly to |Zlj . each of these 
contributions will be shown to be equal to the number of zeros of an affine bundle map between 
two finite-rank vector bundles over Ur,UcS^'^ J'^f)] see Proposition 13.11 below. Such numbers can 
be determined using the procedure described in Subsections 3.2 and 3.3 of |Zlj . 

If dimiR X = 4, only two strata of (|3.6j) are nonempty for a good choice of i^es • They are isomorphic to 

Mi,ixml^Qy^[f,]{X,A;J,UB;f ) and (A^i,i -A^i,i) x 271° ^o}u[fc] ^5 /) 

for some ub € ®o;|o}u[fc] '^)' '^^lere 

is the complement of the equivalence class of the singular elliptic curve. The dimension of 
9}Tq |o}u[fc] f) zero, even though no constraint has been imposed on the zeroth marked 

point. In other words, |q|^j^j (X, yl; J, z^^; /) is "virtually empty". It is thus not too surprising 
that neither of these strata contributes to GW^^(A;^). 

Remark: If J is a genus-one ^-regular almost complex structure in the sense of Definition ?? 
in |Z4j . we can take fes = 0. If dimiRX = 4, we then find that the space 1)3. 6|) is empty, since 

<,mm A- J- f) ^ 9Jt° {0}uw (X, A; J, 0; /) 

cannot be zero-dimensional. Thus, if {X,uj) admits a genus-one A-regular almost complex struc- 
ture, the first case of Theorem 11.11 is immediate from dimension-counting, once it is known that 
GW°J(^;V') is well defined. 

If dim]K X = 6, for a good choice of fes only a few strata of (|3.6|) are nonempty. All, but two of them, 
are either virtually empty or 5j-hollow, in the sense of Subsection 3.1 in |Zlj . In either of these 
cases, Ur^ucsi^'^ J't f) does not contribute to (|3.2j) . The two remaining strata are isomorphic to 

Mi,ixml^oy^j[^]iX,A;J,UB;f ) and >[i,2 x A; J, i/^; /) 

for some ub € ®o'{o}u[fc] '^^ ^ ®o'fc("'^' A] J), respectively. In the second case, one of the 

elements of [k] corresponds to the attaching node of the only bubble component of each element in 
Ur^ucA^'^ J'l /); will denote it by 0. Let 

Li — >A7i,i,ATi,2 and Lq — >TlQ^{Q}uk{X, A; J,vb\ f), Tll^ki^, A; J,vb] f) 

be the universal tangent line bundles for the marked points labeled by 1 and 0, respectively. Let 

Vo-.Lo^evlTX 
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be the bundle homomorphism over 97to,{o}ufc(-'^) ^5 J: ^B] /) or OTZq ki-^^ ^^'i /) given by 
We denote by 

■Kp,TTB- Mi^i-xTlQ^{Q^yj[k]{X,A;J,VB]f) — > A^i,i, 9Jto,{o}u[fc] ^; ^^b; /) and 
^P, : ATi,2 X ^; J, UB-J)^ Mi,2, m^oA^, A; J, ub; f) 

the two projection maps. In both cases, the hnear part of the affine map determining the contri- 
bution of the stratum Uq-^ucsi-^i J'^ f) 1)3.2^ is 

Dr : TTpLi^TTpLo — > -K*pK*®-K*BevQTX, 

{Vr[bp,bB,Vp^VB]}{[bB,i^]) = ll^x^{bp){vp) ■.jVQ[[hB,VB]), 

if [hp,bB-,vp®VB]&T^*pLi®'n*^LQ, [6^, -0] GvrpE. 

The constant term v of each of the affine maps is generic. In the second case, SDTq ^{X, A] J, vp] f) is 
a finite collection of points. It is then straightforward to see that for a generic z^, the affine bundle 
map does not vanish. Thus, the corresponding stratum Uq-,ucsi-^y "^i /) does not contribute 

to ()3.2p . We will show in Subsection 13.41 that the number N{'Dq-) of zeros of Vq-^v in the first 
case is 

proving the second case of Theorem ll.il 

Remark: If J is a genus-one ^-regular almost complex structure and dimiRX = 6, the space 1)3. 6p 
is the union of the spaces 

Mi,,,(k,1;JU;/U) (3.7) 

taken over all degree- j4 genus-zero curves k in X that intersect fiiYi-^-a) for every / G [A;]. Based 
on [P], one would expect that each of the spaces (IT7|) contributes (^-(^i^^^).-^) ^ GW^fc(^;'0). 
The total number of the curves k is GW^^(74;V'). In particular, the second case of Theorem ll.il 
just like the first, is consistent with geometric expectations. 

3.2 Analytic Setup 

Let T ={[k],I, j,i4) be a bubble type such that 

^i = OViG/o and ^Ai = A. (3.8) 

ie/ 

For each iGI — Iq, let 

HiT = {hei: Lh = i] and MiT = {le[k\: ji=i]. 

We denote by 

7rr;i: ^t{X) > ^Q,{Q}UHiruMir{X-, Ai) 
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the map sending each element [b] of Xt{X) to its restriction to 'Sb,i- 

[{S, [k],I, i^; X, (j, y),u)] [{H,T UM,T, {i}; , {l, x) |h,tU (i, y) Im.t , u,)] . 

Let &f^f^{X,A; J) be the subspace of elements v in &\^j^{X,A; J) such that for every bubble type 
T as above and iG/— Jq, 

'^Ixrix) = T^hi'"^-^i some ur,i G '^o^oyuH^ruM^ri^ ^ 

and for every [b] GSJZq {oju/f TuAf t(^' ^^;«) ^'^^ linearization 

^J,.r;.;b: G r(Sb; n^TX) : ^(yo = O} ^ r(Sb; A°;Jr*Sfe0n^rX) (3.9) 

of the section dj + ur-,! at b is surjective. 

For a generic element ^'r;i S *5o^|o}u_f/ TuM r^"''^' '^)' ^'^^ operator (|3.9jl is surjective for every 

[b] £ ^o,{o}uHiruM,T(^^ ^^;«)- 

This implies that the closure of (5f^j.{X , A; J) in &^'1.{X , A; J) contains the zero section, since 

we can construct an element u of (3f^j.{X,A; J) inductively starting from the highest-codimension 
strata of Xi^k{X, A). If T is a bubble type as above and u has been defined on 

Xt{X)-Xt{X) cXi,k{X,A) 
subject to the above restriction and regularity conditions, then ly induces a multisection i^-r-i of 
^o'{o}u_f/jruM,r("'^' '^^ ^ ^o,{o}uH,TuM,r{X, Ai) - ^o^{o}u//,ruMiT(^'^*)- 

It extends continuously to an effectively supported multisection over all of Xo^{o}uHiruJ\/jr(^; ^i)- 
By perturbing this extension outside of 

we obtain an element vq-^i of ^^o'^joju// tum r^"'^' such that the operator (|3.9p is surjective for 
every 

[b] G '^Q,{Q}uHiruMir{X-, Ai', J, ^r;i)- 

We fix small generic elements 

i/es G ©fl {X, A- J) and 6?;^ (X, A- J) 

such that for all tGM^" sufficiently small the section 
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is transverse to the zero set in T-^^'f^{X, A; J)\x.j-{x) for every stratum X-riX) of Xi^k{X, A). Let 
{Yx}x(^A be the strata of Y induced by the partitions of each Yi into smooth manifolds. By our 
assumptions, 

dim^Y^^ = 2nk — dimik{X, A) and dimiRYx < dimKymn — 2 VAg^— {0}. 

For each bubble type T as above and A G ^, let 

UT,,jX;J;h) = {Ur,ujX;J)xYx) nm,k{X, A; J,u,,; f). 

We will call a bubble type T as above simple if 

^^ = and i = x{T). 

In other words, T is simple if and only if for every element [6] GUq-,ucsi-X,A;J) the domain 
consists of a smooth principal component S^^p, on which the map Ub is necessarily constant, and 
\I\ bubble components, all of which are attached directly to S^.p and on which the map Uh is not 
constant. 

Suppose is a compact topological space which is a disjoint union of smooth orbifolds, one of 
which, Ai, is a dense open subset of A4, and the dimensions of all others do not exceed dim A4— 2. 
Let 

E,0 — >M 

be vector bundles such that the restrictions of E and O to every stratum of Ai is smooth and 

ikO - ikE = ^ dimjRA^. 

If 

a G T{M;Rom{E,0)) 

is a regular section in the sense of Definition 3.9 in |Zlj . then the cardinality of the zero set of the 
affine bundle map 

'i/ja,u=a+v: E — >0 

is finite and independent of a generic choice of 9^T[Ad] O), by Lemma 3.14 in |Zlj . We denote it 
by N{a). A key step in our proof of Theorem II. II is the following proposition. 

Proposition 3.1 Suppose {X,uj,J), A, k, -0; fi, Ves, v, and {Yx}xeA are as above. If T is a 
bubble as above and Ag^, there exist 

and a compact subset Ky ofhlT,u^s{X] J; fx) with the following property. For every compact subset 
K of Ur,ucsi-X; J; fx) and open subset U of Xi^k{X, A; f), there exist an open neighborhood Uy{K) 
of K in Xi^k{X, A; f) and €^{11) &{0,ei,), respectively, such that 

^\mi,k{X,A;J,u,,+tu;f)nU\=Cur,^^^iX;JM{dj) if tG{0,e,{U)), K,cK CU CU,{K). 

Furthermore, if T is simple and A = mn, 

Cur,.^AX;JMi^j)=N{Vr) 
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for some regular vector bundle homomorphism Vt overUr,u^X^'i J'^f)- Otherwise, 



This proposition is proved in the next subsection. In the previous subsection we described the 
homomorphism TDq- for a simple bubble type T such that = 1- Below we describe this ho- 

momorphism for an arbitrary bubble T satisfying (|3.8() . 

For each i G /, let 

HiT = {hGl: Lh>i}, mT={l£[k]:ji>i], and Ai = ^Ah. 

h>i 

We denote by 

the map sending each element [b] of Xt(^) to its restriction to the tree of bubble components 
beginning with Sj, j: 

[{S, [k],I, X, {j, y),u)] — > [{MiT, {ijUHiT; {t, x) {j, y) \ 'A{i]uHa)\ ■ 

By our assumptions on z/es, 

7rr;j : Z^r,i/es (-'^; ^) ^ ^0,{0}UAf,r 

for some i>B;i G ©^^^^^^^^^^^(X, i^; J). Let 

= [ 7T*pLf,^,)(E)rr.iLo] / Kni{T) Ur,ujX; J), Ur,ujX; J; /). 



If Mq is a finite set and h G Mq , let 

Sh er{Mi,Mo;ilom{Lh,E*)) 

be the the section given by 

{sh{b;v)}{'>p) = ■ip^^(^b'jv e C if v e Lh\b, ip & ^b, 
where Xh(b)(zT,b is the hth marked point. We define the homomorphism 

Vt:^T — > {TT*pE*0ev*pTX) /Aut(T) 
over Ur,u,s{X; J) or Ut,u,AX; J'J) by 

Vr= ^ TT*pShi^i)(g)TT^.iVo. 
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3.3 Proof of Proposition IIO 

We continue with the notation of Subsections 12 .41 and l3 .'2\ By our assumptions on u^s, the operators 
Dj^uss;b,i are surjective for all [b] £Ur,ucsi-^'i J) and i€/. Thus, we can take 

f°'l(6;f) = {0} V[6]GWr,.es(^;>/), i^I- 

The corresponding space U of Subsection ?? is a smooth manifold of (J, fes)-holomorphic maps. In 
Subsections 2.5 of |Z2j and ?? of |Z4j . we describe a space u!^\X; J) of balanced J-holomorphic 
maps, not of equivalence classes of such maps. If fes is sufficiently small, the same definitions can 
be used to describe a submanifold u!^^j^^^{X; J) of U. In particular, 

Ur,,JX; J) = u!^IJX; J)/Aut(T) cx {S'Y 

for a natural action of Aut(T) on (S^)^ and of Aut{T) (x (S^)^ on Z^. Let 

where .7^ — > U is the vector bundle defined in Subsection 12.51 The above group action on U lifts 
to an action on T so that 

.FT = j^T/Aut(T)oc(5i/ 
is the bundle of gluing parameters for Uq-^u^S^'i J)- 



We will apply the construction of Subsection 12.51 with some refinements, to the entire space 
J), instead of a small open subset ofU. We will view M- valued functions on Ur,vcs{^\ J) 
as functions on u'^\^^{X; J) via the quotient projection map 

uP^^jX-J)^Ur,,^SX;J). 

Fix small 

,5,eGC°°(Z^r,.e3(^;J);K+) 

such that the basic gluing map 

Qv '■ ^ 

of Subsection 2.2 in |Z2j and the modified gluing map 

of Subsection ?? in |Z4j with the collapsing radius e(6) are defined for all v={b,v)Gj-Ts. For all 

C G r{vi) s.t. m\vup,i < Hb), 

let -u^j,^, r^{v;C), 
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and i^es:vi,£, be as in Subsection 12.51 with Jt, ut, and V* replaced by J, u^si and a J-compatible 
connection V, respectively. The estimates (fT77)) . and continue to hold 

if CeM^, D\^.^, Jt, and vt are replaced by 

CGC°°(^/r,...(X;J);M+), 

Dj,Uas\v;^, J, and i^es, respectively. In 1)2. 3ip and ()2.32l) . 7r*'.^ = id and Jq = J. 

With notation as in Subsection 12.51 for each f GJ^r/ let 

Tb--{vi) = {^og„^ : ^GkerDj,!,^^;^, ^|s,.p=0}. 

We denote by Tb-+{vi) the L^-orthogonal complement of Tb-~-{vi) in Tb{vi). Let 

Dl,^^.^,^:TB{vi)^Tf{vi) 

be the linearization of section 5j+fes at (S^^j ; u^i) defined via the connection V. Similarly to 1)2. 22p . 



C(6)-i||e||.„p,i< ||l)|,,,,,,C||,^,p<C(6)||e||„„p,i ^v = {h,v)^TTl i^TB-Avil (3-10) 

for some C eC^{Ur,u,SX]J)]^'^), provided that 5 (^C^{Ut,u,,{X]J)-W^) is sufficiently small. 
In particular, the operator 

is an isomorphism. Its norm and the norm of its inverse are dependent only on \b] (^Uq--u^^{X; J). 
Thus, by the Contraction Principle, for each v£j-T^, the equation 

{5j + I/es;,;i,^}'U«l,f = 0, ^ G Tb;+{vi), 

has a unique small solution S^^,^^ {vi ) . 

Remark: Since fes is a multisection, the uniqueness statement above, as well as similar statements 
below, should be interpreted in terms of local branches of fes as defined in Section 3 of |FuUj . 

Lemma 3.2 If T is a bubble type as in iS. 8\) and Ucs G &f^f,{X, A; J) is a sufficiently small generic 
perturbation, there exist 

and an open neighborhood Ut ofUx^UcsiX', J) in ^i,kiX , A) such that the map 

{{vX):v = ib,v)eTrs^;CeT+{v;Us{vi)), \\C\\v,p,i<6{b)} / Ant{T)cx{S'f \ 

^Xl,{X,A)nUT, 

[iy,0] [(S„,exp,^_^^^^^^^jC)], 

is a diffeomorphism. 
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It is immediate from the construction that the map 

{vX) [(S„,exp„^^^^^^^^^jC)] 

is Aut(T) oc (5^)l^l-invariant and smooth. The injectivity and surjectivity of the induced map on 
the quotient are proved by arguments similar to Subsections 4.2 and 4.3-4.5 in |Z2j . respectively; 
see also the paragraph following Lemma ?? in |Z4j . 

For each v = (b, v) G , we define the homomorphism 

as follows. If {?/r}re[n] is an orthonormal basis for r'^;^(6; J), we put 

r=n 
r=l 

This map is well defined. 
For each {v, C) as above, let 

be the isomorphism induced by the V-parallel transport along the V-geodesics 
Similarly to f^TM . 

MvX) = U-Hdj + u,.+tu}e^p^^^^^^^^^^C ^^^^^^ 

where the quadratic term N^^i-t satisfies 

iV„;40 = and \\N^.X-N^-,tC'\l^p<C{b){tH(\\v,p^HC'\\v,p,^^ (3.12) 

V te[o,6{b)], v={b,v)eTTs\ c,C' <^r{v;Usivi)) s-t. \\C\\v,p,i,\\C'\\v,p,i<S{b). 

Thus, by Lemma 13.21 the analogues of ()2.22() and 1)2.31(1 mentioned above, for every precompact 
open subset K oiUq-^uiX; A) there exist 5k, Ck and a neighborhood of Uk of K in Xi^k{X, A) 
such that for all t G [0, 5k\ 

mlk{X,A-J,u,,+ty)^UK - {[{vX)]^^K{t): %{vX) = ^], (3.13) 
where VlK{t) = {[{vX)]- v = {h,v)&rT^^\K] C +{v\ USvi)) , K\\v,p,i<CK{\p{v)\+t)] . 



For each beUij'ljX; J), let 

UbeT^2\b;J) 
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be the L^-projection of lyib). We note that the map 

(J5°;^(X,^; J) T{Ur,uAX;J);7r*pE*®ev*pTX), v^i), 

is surjective for every bubble type T. By (|3.11|) . (|3.12|) . and the analogues of (|2.24jl . (|2.25j) . 
and (ESU), 

lK-^t(^^,C) - {Vrp{v)+W,)\\ < e{v){\p{v)\+t) (3.14) 
V t£[0,SK], te[0,dK], v = {b,v)eTTl\K, [{v,C)]enK{t), 

for some function 

eijrr^ — >R+ s.t. Mm e{v)=0. 

\v\ >0 

We denote by 

TTpyr : nT Ut,^,, {X; J) and 7P5r 

the bundle projection map and the tautological line bundle. If u^s G & f^i^{X,A; J) is generic, the 
section 

-Dt G r(ZYr,.,,(X; J);Hom(7P5T;4ffr(^pIE*0ev},rX)) 

induced by Vj- is transverse to the zero set. For a generic choice of the pseudocycles fi, this is also 
the case for the restriction of Vj- to P^TL, j f \ for every Ae^. On the other hand, 

dim Ur^v^^X; J; fx) = dim Ur,ucs{X; J) + {dimY\-nk) 

< (dimi,fc(X, A) + 2{n-\i\ - 1^|)) - dimi,fc(X, A) (3.15) 
= 2{n-\x{T)\)-2{\i-x{T)\ + m). 

The middle inequality is an equality if and only if A = mn. Thus, the section Vj- does not vanish 
over F^Tlj. t j- ^• This is equivalent to saying that the bundle homomorphism 

Vr:dT — > 7r*pE*'S)ev*pTX 
is nondegenerate over Ur,u^S^'i J'^ /a)) is injective on every fiber over Ur,ucS^'i J'l /a)- 
Suppose T is not a simple bubble type or A^^mn. By 1)3. 15() . 

^ dim Ur,v,SX\ J; fx) + TkdT < rk7r*pE* ®ev*pTX. 

Thus, for a generic u G <3f^f,{X , A; J), the affine bundle map 

dT — > Tr*pE*(g)ev*pTX, v= [b, v] — > Vrv+h, 

has no zeros over Ur^uesiX; J; fx). Since Vj- is nondegenerate over UT,uea{X] J; fx), (!3.14|) and the 
proof of Lemma 3.2 in |Zlj then imply that for every compact subset K of Ur,ucsi-^j J'^ fx) there 
exist (Sft'SM"'" and a neighborhood U'j^ of K in Ur^u^S^'^ J)xY such that 

{ [{v, C),z]e {t)\ui^. ■■ ^T^^,^Mv, C) = 0} = yte{o,6K). 
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Thus, there exists a neighborhood Uk of K in Xi,k{X,A)xY such that 

{TllkiX,A;J,u^,+tiy)xY)nUK = 0- 
The proof of Proposition 13. II in the case T is not a simple bubble type or A^^mn is now complete. 

For remainder of this subsection we assume that T is a simple bubble type and A = mn. If 
v={b,v)& TT^ , we denote by 

the image of r^^^{b;J) under i?„ and by r'J^^(f) the L^-orthogonal complement of r^^{v) in 
T'''{v;USvi))- Let 

the L^-projection map. Since H = 0, 

for some C e {Ut ,u,AX ] J);M+). It follows that 

Thus, by the analogues of f^TM and (IT^ . 

Cib)-^\\Ch,p,l < |k+''^J,.ee;^.;C...K)CL,p < CmC\kp,l (3.16) 
V v = {b,v)eTTs\ C(^r+{v;Usiv,)). 

In particular, the operator 

is an isomorphism. Its norm and the norm of its inverse are dependent only on [b] ^U'T^p^^{X] J). 
By ()3.11() . H3.12() . 1)3. 16() . the analogue of (|2.31|) . and the Contraction Principle, for every compact 
subset K of UT,ueai^] J) there exists 5k €M+ such that for all 

v(^TT^Jk and te[{),5K] 

the equation 

has a unique small solution Cti^)- Furthermore, Ct(^) &^K{t)- 

By the above, for every compact subset K of Ur^v^X^'^J'-ifmn) there exist 5k G and small 
neighborhoods U'^ and Uk of K in Ur^ucA^'i J) ><^mn and Xi^kiX,A) xY, respectively, such that 

ml,{X,A;J,Ues+tiy-U^)nUK ~ {i[v],z)GTTsl\KxY,,,,r. ^°:-^t(i^, CtM) =0; 

{evx/}((S„,exp„^^^_^^^^^^^Ct(f)),^)GAi} 

for all t € [0, 5k]- On the other hand, the bundle homomorphism Vq- is regular over Z^r,!^os(^; /) 
by the m = l case of (|2.7p and 1)2. 8jl . i.e. P7- can be approximated by a polynomial on the normal 
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bundle near every stratum oUAtmcA^'^'J') f)'^ see Definition 3.9 in |Zlj . Since v is generic, Vr is 
nondegenerate over Ur^u^^iX; J; fran), and evx/ is transverse to in (Tmi) and the proof 

of Lemma 3.5 in Zlj then imply that there exists a compact subset K^^ of lA'r^u^^{X; J; fmn) with 
the following property. For every compact subset K of UT,UssiX', J', fmn) that contains K^, there 
exist and a neighborhood Uk of X in A)xy such that 

^\mli,{X,A;J,Ues+tiyJmn)nUK\=N{Vr) VtG[0,5x]. 

We note that K,^ can taken to be any compact subset of Ur,ucsiX; J; fmn) such that all of the 
finitely many zeros of the affine map 

Vr+v-.^r — > 7rpE*0evprX 

over Ut,ucs{X;J; fmn) lie in 5"?'k.- 

3.4 Counting Zeros of Affine Bundle Maps 

In this subsection we conclude the proof of Theorem II. II bv computing the numbers N{'Dq-) when 
the dimension of X is 4 or 6. Using the method of Section 3 in |Zlj . N{T>']-) can be computed 
for arbitrary-dimensional symplectic manifolds X and more general cohomology classes ip. In fact, 
such a computation would be similar to Section 3 in |Z3I. However, in order to avoid introducing 
quite a bit of additional notation we restrict the computation to the special cases of Theorem 11.11 

If T is a bubble type as in 1)3. 8(1 . let 

MpT = {l£[k]: ji^l} and Aut* (T) = Aut{T)/{geAut{T): g ■ h = hy h£h}. 
For each iG/i, let 

%= {MiT,{i}UH,T;j\j^,^^,A\^^^^fj^^). 
If i/cs G ^f^kiX, A; J) and N = 0, then 

Ut,uJX; J) « {Mi,M^ruh x^r,.e.(^; J))/Aut*(T), (3.17) 
where Mi^MpTuh is the subspace of the moduli space Mi^MpTuh consisting of smooth curves and 

^T,v,S^'^J) = {(&i)ie/iGn^'^-^s;»: evo(6iJ = evo(6i2)Vn,i2G/i} 

_ . (3.18) 

C Y\/^0,{Q}\jMir^X, Ai] J,VB;i), 

for some iyB;i £ ®o%}uAf r^"'^' "^^^^ decomposition is illustrated in Figure [51 In this figure, 

we represent an entire stratum lAq-^v^SX] J) of bubble maps by the domain of the stable maps in 
^T,vcs{X; J). The right-hand side of Figure |S1 represents the subset of the cartesian product of 
the three spaces of bubble maps, corresponding to the three drawings, on which the appropriate 
evaluation maps agree, as indicated by the solid line and defined in ()3.18() . 
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p 

Figure 5: An Example of the Decomposition (|3.17|) 

We next define a similar splitting for the space Ur,Ucs{X] J;/mn)- We can assume that the maps 
{fi,mn}ieMpT intersect transversally. Let 

leMpT 



be a pseudocycle representative for 



such that 



is one-to-one. We put 



iGMpT 

fo-mn'-Y^mn ^ /«(^;mn) 

leMpT 



ev^=evoX Hevi : Kt,uJX; J) ^ X x [Jx , 

l£[k]-MpT le[k]-Mpr 

f=fl^ Wfr-Y'^^yo^ \{Yi^Xx \{X, and yZ^=Y^^^x J]^';-- 

le[k]-MpT le[k]-MpT le[k]-MpT le[k]-MpT 

Similarly to Subsection 13.11 let 

Uf,AX; J; f) = {{b, z) eUrA^' J)^y^- ev^(&) = fi^)}, and 
UrAX;J;U^) = [UfAX-J)xYZ^) nUr^X-J-f). 

We have 

Ut,uJX; J; U^) « {Mi^Mprul, ^Uf^.jX- J; /^„))/Aut*(r). (3.19) 



If T is a simple bubble type, we define the homomorphism 

Vr:^T — > 7rpE*(g)evSrX 
over Mi^MpTvAh '^^t,vA-^'i f) similarly to the homomorphism Vq-- By ()3.19p . 

N{Vt)= N{Vr) 1 1 Aut* (T) | . (3.20) 
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By Proposition 13.11 and H3.2U() . the difference between the standard and reduced genus-one GW- 
invariants of Theorem 1 1.1 1 is determined by the numbers N{T>t), where T is a simple bubble type 
as in 1)3.81) . We will compute these numbers in the two special cases of Theorem 11.11 



(3.21) 



First, we note that if T is a bubble type as in (|3.8j) . not necessarily simple, and H = 0, 

dim U.f ,^^jX;J;f) = dim Ur,u^S^]J-J) - dim Mi^MpTuh 

= 2{n-\x{T)\-\h\)-2{\i-xiT)\ + \MpT\), 

by ()3.15|) . In particular, if n = 2, then 

l{r^,jX-J;f)^(/} =^ \X{T)\ = 1, x{T)=h=i, MpT = 0. 

Furthermore, if Uq- ^^^^lX; J; f) is nonempty, it is a finite collection of points. In this case, Vq- is 
the bundle homomorphism 

vr^(sieO) : 7r*pLi — > Tr*p{E*eE*) 

over Mi^i xUf ^^^^{X; J;f). Thus, for a choice of constant term z/, the affine bundle map T>q- + r' 
does not vanish. Therefore, 

N{Vt) = 0. 

This concludes the proof of Theorem 1 1.1 1 in the n = 2 case. 

Suppose n = 3. By (jSHU), 

Ur,ujX;J;f)^iD =^ \X{T)\ = 1, + |/-x(T)| + |MpT| G {0, 1}. 

If T is a simple bubble type and Uf ucs(-^'^ ^ f) nonempty, it follows that 

\X{T)\ = 1 and |MpT|G{0,l}. 

If \MpT\ = 1, U'f ^^^{X\ J; /) is again a finite collection of points. In this case, Vq- is the bundle 
homomorphism 

7r|,(sie0e0) : T^*pLi — > 7r^(E*eE*eE*) 
over Mi^2 ucs(-^'' ^ ■• f)- Thus, as in the n = 2 case above, N{I)t) = 0. 

Finally, suppose n = 3, T is a simple bubble type, and \MpT\ =0. If i is the unique element 
of x('^)) is the bundle homomorphism 

7T*pSl(g)TT*'Do: TT*pLi^TT*Lo > TT*pE* ^Tr*eY*QTX 

over 

^1,1 x^r,ujXiJ-J') =Mi,i >^^o,{oMk]{X,A;J,UB;z;f)- 
The bundle homomorphism si is an isomorphism over A^i^i. Thus, by Lemma 3.14 in |Zlj . 

N{Vr) = (c(7r|,E*®<evSrX)c(^|,Li^7r*Lo)-\7^i,ixMo,{o}u[fe](^,^;-/,'^i3;*;/)> ^^^^^ 
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where 

P^: 7r|,Li«)7r*Lo — > (7r|,E*07r*ev^rX)/Ci> 

is the composition of Vq- with the projection onto the quotient of iTpK* 0TT*evQTX by a generic 
trivial line subbundle. The number 

is the P^-contribution of Aii^i xPq"^(0) to the euler class of vector bundle 

V = (7rJ>Li®7r*Lo)* ® ((7r>E*®7r*evSrX)/Cz?) , 
i.e. the number of zeros of the section P^+e of 

V — >Mi^ixmo^^o}u[k]{X, A; J,VB;i; f) 
that lie near Aii^i xPq"^(0), for a small generic perturbation e of P^. 

By (|3.15p . the section Pq does not vanish over OJtg {o}u[fc]("'^' A', J, i^B;i', /)• The complement of 

^o,{o}u[fc] {^^A;J, UB-i ; /) C 97to,{o}u[fc] {X,A;J, VB;i ] f) 
is the union of the spaces Ut' ,ub A-^'i "^5 /)> where 

is a bubble type for genus-zero maps such that ^h(ziiA'f^ = A and |/'| >2. We note that 

dim ZYr',.s, {X- J; /) = dim Mo,{o}u [fc] (X, A; J, i/^^i ; /) - 2|/'| = 2 (l - . 

Thus, liUq-' .vg.iiX; J] f)^%, then |i'| = l. Suppose 

/' = {z, /i} and z</i. 

If A'^ / 0, Pq does not vanish over U'r'^^g..{X; J; f) by 1)3. 15() . Thus, Uq-' ^i^g,-{X; J; f) does not 
contribute to the last number in (|3.22j) in this case. If A[ = 0, we have a decomposition similar 
to (EIIH): 

l^T',UB-A^',J'J) ~ ■^o,{o,h}uM,T' ^ ^T',UB-A^'J'^f)^ where 
dim Uf,^,^.^{X- J; /) = 2(1-|M,T'|). 

In particular, Uq-i ,ub.^{X; J\ f) = ^ unless |MjT'| = l. On the other hand, by definition 

^\Ur',usM-^J-J)\= ^\Ur',UBM-^J-J)\ = GWlk{A-ij) \Mir'\ = l. (3.23) 



We continue with the case = of the previous paragraph. By the surjectivity assumption of 
Subsection 13.21 the normal bundle of the zero-dimensional orbifold 



UT',UB.A^;J;f) c mo^{o},jik]{x,A;j,UB;i-J) 
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is the bundle of gluing parameters: 

^T' ^Ut',ub,, {X- J-f)xC^ Ut',us^, {X; J; /). 

A homeomorphism 

between small neighborhoods of Uti ^vg.^{X; J; /) in TT' and in 9Jlo^{o}u[fc] (-'^i ^5 Ji ^B;u f) can be 
constructed via the gluing procedure of Subsection l2.4l see also Subsections 3.6 and 3.9 in jZ2|. By 
the m = l case of (|2?7|) and (|T8|) . 

\l^oUr'M-^-J^hb\<e{v)\v\ yv=[b,v]eJ^T^ (3.24) 

for a function e{v) converging to as u approaches 0. Since the homomorphism 

v = [b,v] — > v-jVhh 

is injective over 

by (ElSl), by Corollary 3.13 in |ZT] and (jinil 

= (3ci(E*) + 2ci(Ll),AYi,i> • ^\Ur',UB.AX-^ f)\ (3-25) 
= -j-^^\Ur,,.,.SX;J;f)\. 

Since there are k choices for the one-element subset MiT' of [A;], from 1)3.23(1 and (|3.25p we obtain 

C>f,,x7.-(0)(^r) = • GWl,{A;i^). (3.26) 



In order to finish the proof of the n = 3 case of Theorem II. 11 we compute the middle term in (|3.22(l . 
Since the bundles E* and Li over A^i^i are isomorphic, 

(c(7r|,E*®7r*ev*rX)c(7r|,Li®<Lo)-\AYi,ixmto,{o}u[fc](^,A^,J^B;i;/)> 

= (ci (E*) , 7W 1,1 > • (ci (TX) +ci (L* ) , Mo,{o}u[fc] {X, A; J, VB;i ; /) > (3.27) 

= - ^ (ci (TX) +C1 (LS) , ^o,{o}u w (^, ^; ^B;. ; /) > . 

By the divisor and dilaton relations for GW- invariants, 

(ci(rX),Mo,|o}u[fc](^, A^,i^i?;^;/)> = {ci{TX),A) ■ GW^,(A;^) and (3.28) 
(ci(LS),Mo,{o}u[fc](^,^;^,^^i?;i;/)> = (A:-2) •GW^fe(^;V); (3.29) 
see Section 26.3 in p], for example. Combining (|3.22|) and (|3.26|) - ()3.29j) . we conclude that 

iV(l5,) = ?z(£imi>GWj,(^;^). 
The proof of Theorem II. II is now complete. 
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